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INTEGRALS

The Definite Integral

is defined as 
the area under the curve 

y(x) between x0 and x1.

It is described in terms of adding up many vertical “slices” 
of infinitesimal width dx and height y(x).



INTEGRALS

The Indefinite Integral (a.k.a.  Antiderivative) of y(x)  
is better thought of as the function whose derivative is y(x).

Just ask, 

“What Function Has This Derivative?”

If  g(x) =  a  = df /dx,  what is  f (x) ?

Answer:  f (x) =  ∫ a dx  = a x  + const.

If  g(x) = 2 b x  = df /dx,  what is  f (x) ?

Answer:  f (x) =  ∫ 2 b x dx  = b x2  + const.



More Examples

of  Indefinite Integrals  (Antiderivatives)

If  g(x) =  ex  = df /dx,  what is  f (x) ?

Answer:  f (x) =  ∫  ex dx  =  ex + const. 

If  g(x) =  1/e kx ≡ e − kx  = df /dx,  what is  f (x) ?

Answer:  f (x) =  ∫  e − kx dx  =  e −kx  + const.                              ____
                             -k 

Wait…  How do we know that? 

Answer:  Substitution of Variables…



Substitution of Variables



Substitution of Variables

If  g(x) =  1/e kx ≡ e − kx  = df /dx,  what is  f (x) ?

Let   u = -kx   so that   du /dx = -k

  f (x) =  ∫  e u(x) dx  =  ∫  e u du  =     e u    + const.                      _____      ____
                    du /dx         -k

f (x) = ∫  g[u(x)] dx  = ∫  g(u) du                                    _______
                                  du /dx 

or   f (x) =  ∫  e − kx dx  =  e −kx  + const.   (QED)            ____
           -k 



INTEGRALS

The Definite Integral

is defined as 
the area under the curve 

y(x) between x0 and x1.

But it is equal to the difference between the 
Antiderivative  f (x)  of y(x) at the endpoints: .

 =  f (x1)  -   f (x0)



More Examples

of  Definite Integrals 

If  y(x) =  x -1,  x0 = 1  and  x1 = 2 ,   what is                     ?

Answer:      ℓn (x1 / x0)  =  ℓn (2 / 1)  =  ℓn (2)  =  0.6931478… 

If  y(x) =  x  e x,  x0 = 2  and  x1 = 4 ,  what is                     ?

Answer:  4e 4 - 2e2 -(e 4 - e2)  =  3e 4 - e2  ≃  156.40539 

Wait…  How do we know that? 

Answer:  Integration by Parts…



Integration by Parts



Integration by Parts

If  y(x) =  x  e x,  x0 = 2  and  x1 = 4 ,  what is                     ?

Let   u = x   and  v = ex   so that   du = dx  and  dv = ex dx 
                      x1                                                                    x1

  ∫  u dv  =  u(x1) v(x1) - u(x0) v(x0)  - ∫  v du 
                   x0                                                   x0 

=  x1 ex1 - x0 ex0  -  (ex1 - ex0) 

=  4e 4 - 2e2 -(e 4 - e2)  =  3e 4 - e2  ≃  156.40539 

(QED)


