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ABSTRACT

This dissertation presents the analysis and results of the measurement of the anoma-
lous magnetic moment of the positive muon (a,). The experiment was conducted
at the the Alternating Gradient Synchrotron at Brookhaven National Laboratory
(BNL). Polarized muons were stored in a uniform magnetic field, and a, was deter-
mined by measuring the free proton nuclear magnetic resonance frequency (w,) in that
magnetic field, and the difference between the muon spin precession and cyclotron
frequencies (w,).

The experiment began taking data in 1997. A detailed analysis of the frequency
We, using a multi-parameter fit is presented, based on the data set from the third
experimental run (1999). The new experimental result has a precision of 1.35 parts
per million (ppm): a5(BNL,1999) = 11 659 202(16) x 107'%. It agrees well with
previous measurements. The weighted mean of all measurements to date shows a dif-

ference of 2.6 standard deviations from the Standard Model (SM) prediction (a3™):
a® — 3™ = (43 +£16) x 1071°.

This difference may suggest the presence of physics beyond the Standard Model.
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Chapter 1

Introduction

The anomalous magnetic moment of the muon, a,, is of central importance in ele-
mentary particle physics. It is one of the few fundamental quantities that can be

measured with high precision, and, at the same time, calculated from first principles.

The goal of the experiment 821 (E821) at Brookhaven National Laboratory (BNL).
is to measure a, with a relative precision of 0.35 parts per million (ppm). This will
provide a stringent test of the Standard Model of particle physics, as well as put
constraints on new speculative theories. In this way, a precise measurement of the
muon magnetic anomaly is complementary to the direct search for new particles at

high-energy colliders.

The experiment at Brookhaven started taking data in 1997. This dissertation
presents the analysis of the data, taken during the third experimental run, in 1999,
focusing on the analysis of the muon spin precession frequency. Based on this data set,
a precision of 1.35 ppm in a, was achieved, with the uncertainty being predominantly
statistical [1].

The techniques developed for the analysis of the 1999 data, and various systematic

studies conducted in the process, prove extremely useful in the ongoing work on the
1



(V]

data sets collected during the subsequent runs of E821, in 2000 and 2001.

In the introduction, the theory of the anomalous magnetic moment of the muon

and the motivation for the experiment are discussed.

The principle of the measurement, and the overview of past experiments conducted
at the European Organization for Nuclear Research (CERN) laboratory between 1958

and 1976, are given in Chapter 2.

The experimental apparatus, used in the ongoing experiment at BNL is described

in Chapter 3.

Chapter 4 contains a brief history of the first three E821 experimental runs at

Brookhaven.

Chapter 5 is dedicated to the discussion of the analysis of the data taken during

the 1999 experimental run.
Systematic errors for this analysis are discussed in Chapter 6.

The final chapter summarizes the results and conclusions.

1.1 Definition of g and «a

For a charged particle, the gyromagnetic ratio. g, relates the dipole magnetic moment.

i, to the spin angular momentum, S,

f=g;—S§. (1.1)

Dirac’s theory predicts a value of g = 2 for a point-like particle.
The discovery that, for the electron, g # 2 [2, 3, 4], and the calculation by
Schwinger (5] predicting that (to first order) the radiative correction to g, was a/x.

were important early steps in the development of Quantum Electrodynamics (QED).



The anomalous magnetic moment describes the relative deviation of the muon

gyromagnetic ratio from the value 2:
e="—— (1.2)

For the obvious reason, the anomalous magnetic moment of the lepton is often referred

to as the “(g — 2) value”.

1.2 The Theory of (g —2)

In the Standard Model (SM), the anomalous magnetic moment of leptons arises from
quantum fluctuations. The theoretical expression for the magnetic anomaly of the

lepton may be written as:

alSM =alQEJD +alf[ad+a‘Weak’ (13)
where the dominant term, a,QED , accounts for the purely quantum electrodynamic

contribution to af™ (involving only the leptons and photons), af®¢ comes from pre-

dominantly hadronic (i.e. involving strong interaction) processes, and a;}**** describes
the effect of predominantly electroweak interactions [6].
The size of each contribution can be calculated with high precision, using standard

theory prescriptions and experimental data.

1.2.1 The Standard Model Prediction for a,

Since the electron, being much less massive than the muon, cannot readily create a

virtual muon-antimuon pair, the muons (and heavier particles, in general) have little



effect on a, [7]. Therefore, the electron anomalous magnetic moment is dominated by
QED of electrons and photons. The Feynman diagrams of the leading contributions

are shown in Figure 1.1.

The QED contribution to the electron magnetic anomaly, a2£P, can be written

as an expansion of powers of the fine structure constant, o:
D = ¢ (D) + G+ P+ a3+ 1.4
0@ = C(2) + ColS) + Ca(=F + Cu(2) + ... (14

where the coefficients C; = 0.5, Cy = —0.328 478 444, C3 = 1.181 234 017 are known
analytically, and C; = —1.5098(384) is partially calculated numerically by using
perturbation theory [6, 8]. The contribution from loops with muons and tauons,
entering in the coefficients C,, C3 and Cj, accounts for less than 3 parts per billion

of the total value of a252.

The small hadronic and electroweak contributions are respectively [6]:

affed = 1.631(19) x 107%2, (1.5)

a¥ek = 0.030(1) x 10712, (1.6)
And the total Standard Model prediction for the electron magnetic anomaly is [9]:
aSM = qQED  gffad 4 gWeak _ 1 159 652 153.5(24.0) x 1072, (1.7)

where the error is dominated by the uncertainty in the value of & = €?/fc, determined

from a measurement of the Quantum Hall effect [10].

The anomalous magnetic moment value was measured by Dehmelt and collabo-
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Figure 1.1: The Feynman graphs for (a) g = 2, (b) lowest order radiative correction
(Schwinger term), and (c) vacuum polarization with an electron-positron loop.

rators [11] for both the electron and the positron to 3.7 parts per billion:

S =1 159 652 188.4(4.3) x 1072, (1.8)

asy =1 159 652 187.9(4.3) x 107" (1.9)

This is one of the most precise measurements in physics. The impressive agreement
between the theory and the experiment (at the level of 1.5-¢) represents a triumph
for QED. This result also verifies CPT-invariance at the 2 x 10~!2 level, which is the

most accurate demonstration of charged particle-antiparticle symmetry to date! {11].

The best current value of a [10] was obtained by equating the theoretical prediction

for a. and the average of the experimental measurements given by Eqns. 1.8 and 1.9:

o' = 137.035 999 58(52) (3.2 ppm) (1.10)

*This limit is exceeded only by high-energy comparison of a different nature on the neutral K¢-K°
system



1.2.2 The Standard Model Prediction for a,

Since the relative contribution of heavier particles to the muon’s anomalous moment
scales as (m,/m,)? ~ 43,000 with respect to the electron’s, the diagrams with quark
loops, and to a lesser extent, weak bosons, contribute measurably to a,. This makes
the precise measurement of a, a powerful test of the theoretical understanding of the
hadronic and weak contributions.

Because of the presence of virtual electron loops, higher order QED contribu-
tions to a, are enhanced in comparison with a.. To match the present experimental

precision goals it is necessary to consider 5 terms of the expansion in a:

9

a950 =Y CW (2, (L.11)

T
n=1 '

with C* = 0.5, ¥ = 0.765 857 376(27), C* = 24.050 508 98(44), C¥ =
126.07(41) and C'é" ) = 930(170) [6]. The coefficients in this expansion are different
from those for a., due to increased contributions from virtual electrons, muons and
tauons. With the relative error of 25 parts per billion, a2%% is the best theoretically
understood part of the muon anomaly.

The contribution from the hadronic loops, which was first observed in the muon

(g9 —2) experiment at CERN {12], may be written as

Had __ _Had(2) Had(3) Had(yy)
e, =e,""" +a,"" +a, +... (1.12)
where aff“d(z) and af “®) arise from hadronic vacuum polarization and are of the

order (a/7)? and (a/n)? respectively; and a"“™ comes from hadronic light-on-
light scattering [6].

The bulk of hadronic contribution comes from a, od(2}, representing the vacuum
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Figure 1.2: The Feynman graphs of (a) the lowest order hadronic correction (hadronic
vacuum polarization), and the hadroproduction processes used in its evaluation: (b)
electron-positron annihilation, and (c) hadronic 7-decay.

polarization insertion in the Schwinger diagram (Figure 1.2(a)). This correction can-
not be calculated from first principles of QED, but can be determined using dispersion

relations, together with experimental data on ete™ — hadrons and hadronic 7-decays

(Figure 1.2(b,c)).

The leading order hadronic vacuum polarization contribution to a, can be calcu-

lated via the dispersion integral

a 1 T
ofoi® = 2 [ ds oaals) Ko, (113)

4mi

where .4(s) is the total e¥e~ — hadrons cross-section as a function of the center

of mass energy-squared (s), and K(s) is the QED kernel function given by:

K(s)=z2(1—%2) + (1+1:)2(1+51-2-)x

(ln(l + 1) -1:+-1;) +

g—igzz Inz, (1.14)

with z = (1-8,)/(1+8,) and B, = (1—4m?2/s)'/? [13]. The function K (s) decreases



monotonically with increasing s.

The weak W current in 7 — v, + hadrons can be related to the electromagnetic
current in e*e~ — hadrons through the conserved vector current (CVC) hypothesis,
assuming isospin invariance and the absence of second class currents. The T-decays
with an even number of pions (even G-parity) in the final state provide additional

Had(2)

information relevant in the evaluation of a,, [13], since these decays go exclusively

through the vector currents if there are no second class currents (14].

The leading order vacuum polarization correction is currently the source of the
biggest uncertainty in the Standard Model prediction of a,. This error arises from
the precision with which the cross-sections of the hadroproduction processes, ete~ —

hadrons and T — v, + hadrons, are known from experiment.

The most accurate calculation, which included the information obtained from the
analysis of the data from both the production of hadrons in the e*e- collisions and

the tauon decay, was done by Davier and Hdcker (13, 16]:
e, = 6924(62) x 107", (1.15)

The current 0.53 ppm error is expected to decrease significantly, once the new exper-

imental data [17] are included in the calculation.

In a more conservative approach, with the ete~ data alone used to evaluate the

leading order vacuum polarization correction, Jegerlehner obtained [18]:
a*® = 6974.0(104.5) x 1071, (1.16)

which agrees with the result given by Eqn. 1.15 within errors.

The diagrams for some higher-order hadronic contributions to a,, invelving vac-



Figure 1.3: The Feynman graphs of some higher-order hadronic corrections to a,.

jar

Figure 1.4: The hadronic light-on-light scattering.

uum polarization, are shown in Figure 1.3. The total third-order contribution is [19]:

ad*® = ~100(6) x 107" (1.17)

The part of the hadronic contribution, coming from light-on-light scattering (see
Figure 1.4), cannot be calculated either from dispersion relations or using QED. A
number of calculations have been performed using chiral perturbation theory, simple

quark model and vector dominance model, and the uncertainty in the value of this
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Figure 1.5: The single-loop electroweak contributions to a,.

part has been reduced to 21 parts per billion?:
ap ) = —85(25) x 107 (1.18)
Adding Eqns. 1.15, 1.17 and 1.18 gives the total hadronic contribution:
a/f* = 6739(67) x 107", (1.19)

The weak interaction contribution, arising from diagrams with W- and Z-bosons,
has been calculated up to two loops. The single-locp Feynman diagrams are shown
in Figure 1.5. The Higgs boson produces a negligible contribution to a, for any
reasonable estimated value of its mass 18, 22].

The current theoretical prediction of the total value of a, and the sizes of each

contribution are given in Table 1.1.

1.2.3 a, and “New Physics”

If there are new particles which couple to the leptons, directly or via photons, they

too will contribute to the anomalous moment. Therefore, “new physics” beyond the

?The value given by Eqn. 1.18 is cited from Ref. [9]. Recent calculations {20, 21] found the sign
of the contribution to a, from hadronic light-on-light scattering to be positive rather than negative.
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Table 1.1: Standard Model prediction for a,.

Contribution Value, x10~9 Relative size and error, ppm Refs.
aged 11 658 470.56(0.29) 999 940.90 + 0.025 [9]
afl*d 673.9(6.7) 57.80 + 0.57 [9, 16, 19
a)yeek 15.1(0.4) 1.30 £ 0.03 [9]
Total a3¥ 11 659 159.6(6.7) 1 000 000.00 + 0.57 9]

Standard Model could manifest itself in a disagreement between the experimentally
measured value and the standard theoretical prediction. Such effects are generally
proportional to (m;/A)?, where m; is the lepton mass, and .\ is the mass scale of “new
physics”. Since the mass of the muon is approximately 207 times greater than that
of the electron, the a, measurement, even though lacking the spectacular precision
achieved for a,, would be much more sensitive to such contributions, and could be

used to constrain or indirectly confirm new theories.

A number of speculative theories have been proposed in order to achieve a more

comprehensive theory for particle physics than the present Standard Model.

Supersymmetry (SUSY) implies the existence of partners for all known funda-
mental particles. The leading supersymmetric contributions to @, stem from pro-
cesses involving the super-partners of leptons and gauge bosons: smuon-neutralino

and sneutrino-chargino loops (Figure 1.6). The effect is given approximately by:

2

m 4 T
2 Thiang.(1- 2, (1.20)
8w sin® Gy m. T m,

|6aﬁU$Y | = o

where 0y is the weak (Weinberg) mixing angle, 7 is a typical SUSY loop mass, and

the parameter tan 3 describes the mixing of ground states of the Higgs-doublet in
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Figure 1.6: The lowest order supersymmetric contributions to (g — 2),,.

SUSY [18]. For the scenarios with a large tan 8 ~ 40, the Brookhaven experiment
could probe 77 at the 750 GeV level (for da;”5Y = +10 x 107') [9].

Just as the proton substructure produces a g-value which is not equal to two.
the muon substructure would also contribute to the anomalous magnetic moment.
A (g — 2) measurement for the muon at the level of 0.35 ppm would restrict the
substructure scale at around 4-5 TeV [7].

In the models where the muon mass is generated by quantum loops, similar loop

effects will also produce additional contributions to a,, given by

2
M

da, =CA2 ,

C ~O(1), (1.21)

where A is the mass scale of the mechanism responsible for generating m, [23].

Some other potential “new physics” contributions to a, are discussed in Ref. [18].



Chapter 2

Muon (g — 2) Measurements at

CERN

In the late 1940s, it was realized that the quantum fluctuations in the electromagnetic
field could induce an extra magnetic moment [5, 24], so that g # 2 for the electron.
Experimental confirmations of this were found in the studies of the fine structure

of atomic hydrogen [2], Lamb shift [25], and in the magnetic moments of neutral

atoms [4].

Crane and collaborators [26] showed that the electrons could be polarized and
analyzed by Mott scattering by a heavy element. By introducing a magnetic field

between polarizer and analyzer they were able to measure g for the electron.

It was then realized that if the spin (5) and the momentum vector (p) are both
perpendicular to the magnetic field B, the change of the beam polarization, (5- p),

with time would be a sensitive measure of the magnetic anomaly.

For a charged spin-% particle moving in a uniform constant magnetic field, the
13
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spin precession frequency, is generally given as a sum of Larmor and Thomas terms:

e e
y=g—B +(1-7)- —B, 2.1
Wy = 95— +(1-7) po (2.1)

and the cyclotron frequency is:

e
w. = —B.
ymc

—_
o
o

~—

Thus the frequency of the relative precession of spin with respect to the momentum
vector turns out to be proportional to the anomalous moment and independent of the

particle momentum:

In the 1950s, a series of measurements of the electron anomaly were performed
employing this idea, with the results precise up to the 1000-ppm level, in agreement
with theory [27]. It was then pointed out that a measurement of the muon magnetic
anomaly would test QED at higher momentum transfers (at “shorter distances™) than
a similar measurement of a., due to the enhanced sensitivity of a, to interactions with

heavier particles.

In 1957, parity nonconservation was observed in the weak decays 7+ — u¥y,
and p*t — e*v. 7, [28]. It was established that the muons born in pion decays were
strongly polarized. Moreover, in its decay the muon shows its polarization direction
through the anisotropic emission of the decay electron. Therefore, polarization of the

muon beam may be determined from the angular distribution of the decay electrons.

The work on a new measurement started at CERN in 1958.
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Figure 2.1: CERN-I experiment: the general view of the experimental apparatus
(shown not to scale).

2.1 First CERN Experiment (1958-1961)

The main objectives of the first CERN experiment (CERN-I) were to further test the
validity of QED at shorter distances, and to explore the possibility of the existence of
unknown interactions, which were, at the time, believed to cause the mass difference

between the electron and the muon {29].

The general view of the experimental apparatus is given in Figure 2.1. Longi-
tudinally polarized muons, of 150 MeV/c momentum, formed by forward decays in
flight of pions from the CERN Synchro-cyclotron, were injected into a 6 m long stor-
age magnet possessing 2 magnetic field (B=1.6 T) of high uniformity. After slowing
down in the beryllium moderator, the muons described close to 1000 quasi-circular
orbits, slowly displaced due to the longitudinal gradient of the magnetic field. before

reaching the end of the magnet and being ejected. The magnetic field was carefully
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shaped in such a way that the positron drift was significantly slower in the storage
region (0.4 cm per turn), than in the injection and ejection regions (2 and 11 cm/turn
respectively). Injected muons were indicated by the counter signature 1-2-3 (i.e. hits
were registered in the injection counters 1, 2 and 3, as shown in Figure 2.1), and

ejected muons by the signature 4-6-6"-5-7.

The difference between the final and the initial polarization angles was propor-

tional to the time the muons spent in the magnetic field:
€ 9
0, - 90 = a,,—(B)t (_.4)

where (B) is the magnetic field averaged over the trajectory, and ¢ is the time of flight

of muons between the injection counter 2 and the ejection counter 4.

The final polarization state was measured by bringing the muons to rest in a field-
free insulating target of the polarization analyzer and observing their decay. The
flipping coil produced a pulsed vertical magnetic field of such intensity and duration
that the muon spin rotated in the horizontal direction by +90° before the muon
decayed. The comparison in the same electron counter of the decay electron intensity
at +90° and ~90° flipping yielded the value of the transverse component of the spin
polarization. To increase the efficiency of electron detection, two sets of counters were

used, forward 7-7 and backward 6-6’, with the results for each set being evaluated

separately.

From the number of decay electron counts in a particular set of counters for
+90° or —90° flipping of the muon spin, n, and n_ respectively, the asymmetry was

computed as:

ngy—n_ . -
A= —=4 <(t), 2.
. osind,(t), (2.3)



Figure 2.2: CERN-I experiment: electron asymmetry plotted vs storage time ¢, to-
gether with the fitting function A(t) = Agsin(a, = (B)t + 6,) [29].

where 6, is the spin direction with respect to the normal to the analyzer.

A total of 936 thousand events were recorded. The dependence of the decay
asymmetry on the storage time is shown in Figure 2.2. The short time scale of the
experiment, coupled with the finite accuracy to which the spin direction could be

observed, was a major factor in the experimental error.

The result of the experiment was a measurement of a, with a 0.4% precision, in

good agreement with the theoretical prediction at that time:

a, (CERN —1I) = (1162 £ 5) x 1078, (2.6)

a, (QED, 1957) = 1165 x 1075, (2.7)

This established that the properties of the muon correspond exactly to those of a
heavy electron. Apart from their masses and their association in weak interaction with
two distinct kinds of neutrinos. the two particles appeared to be identical. The theory

of quantum electrodynamics was tested for momentum transfers of up to ~ 1 GeV.
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Figure 2.3: CERN-II experiment: the apparatus.

2.2 Second CERN Experiment (1962-1968)

Whereas the time scale of the first experiment was limited to a few microseconds
by the natural decay of the muon population (1o = 2.2us). and therefore only two
anomalous precession cycles, of ~ 4us, could be recorded, the second CERN experi-
ment {30, 31] employed relativistic muons (y ~ 12.3), with the lifetime increased due
to the time dilation to 7 = y7y >~ 27us, which allowed for observation of some 50
precession cycles.

The CERN-II experiment used a weak-focusing storage ring magnet, 5 m in di-
ameter (see Figure 2.3), providing B = 1.7 T. A beam of 10 GeV protons from the
CERN Proton Synchrotron interacted with a target inside the storage ring, producing
pions of = 1.3 GeV/c momentum which would start orbiting around the ring. About
20% of the pions decayed in one turn, and the muons with slightly lower momentum,

ejected at small forward angles, remained stored in the ring. The number of muons
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produced per pion (trapping efficiency) was 5-1073, for 1.3 GeV/c pions. The muons
injected in this process were forward polarized on average. Undecayed pions, higher
momentum muons, and stable particles from the target would eventually hit the tar-
get assembly and be lost. A lead block and concrete shielding placed inside the ring

prevented these particles from being scattered onto the electron counters.

Four nuclear magnetic resonance (NMR) probes were moved pneumatically into
the center of the storage magnet aperture every 100 cycles of the beam injection. to

measure the magnetic field inside the storage region.

The polarization direction of the muons as a function of time was followed by
recording electrons emitted by muon decay in flight. The detection electronics was
biased to accept only the highest energy electrons (E > 780 MeV), coming from
forward decay in the muon rest frame, and producing a large pulse in lead-scintillator
sandwich shower detectors. As a result, the counting rate, V(t), was modulated by

the muon precession due to the anomalous moment at frequency w, :

N(t) = Noe~/7(1 — Acosfw,t + ¢]), (2.8)
e
1. = a,—(B). 2.
Wa a"moc(B) (2.9)

In Equation 2.8, 7 is the dilated muon lifetime, A is the decay asymmetry, and ¢ is
the phase of the anomalous precession. The average magnetic field for the ensemble
of the muons, (B), was measured in terms of the corresponding mean proton NMR
precession frequency in water. The distribution of the detected decay electrons as a

function of time is shown in the top part of Figure 2.4.

One of the main factors limiting the precision of the measurement was the use of
the radial magnetic gradient for vertical focusing. This implied a field variation of

0.4% over the 8 cm radial aperture of the storage region. Therefore, it was important
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to determine the mean radius and the detailed radial distribution of the ensemble of
muons which contributed to the electron counts. This had been obtained by mea-
surements related to the muon rotation frequency. At the injection, the pulse was
only 5-10 ns long, and given the rotation period of 52.5 ns, the muons were initially
bunched, and the counting rate in the decay electron counters was modulated during
the first few microseconds (as shown in the lower part of Figure 2.4). Analysis of the
stored muon beam debunching yielded the mean radius with a precision of £ 3 mm.
The average magnetic field weighted by the muon distribution was determined to a

precision of 160 ppm.

To obtain w,, a maximum likelihood fit to the data was performed with the func-
tion

N(t) = Noe (1 - Acosfwat + 6])(1 + ALe”/™) + Bg, (2.10)

similar to Eqn. 2.8, with the parameters 4, and 7, added to account for the muon

losses, and By to include a constant background.

The final result of the second CERN experiment had an accuracy of 270 ppm:
a, (CERN —1II) = (116 616 £ 31) x 1078, (2.11)

which initially disagreed with the theoretical prediction by 1.7 standard deviations.
This disagreement stimulated the theorists to calculate the contribution of QED light-

on-light scattering to the third order in a [32], thus removing the discrepancy
as™ — ol (1972) = (28 £ 31) x 10~® = (240 + 270) ppm. (2.12)

The second CERN measurement further established the muon-electron universal-

ity. The relativistic time dilation was verified to within 1.1% accuracy (for v = 12.3).
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Figure 2.4: CERN-II experiment: distribution of decay electrons vs time. A) from

20 to 45 ps, B) from 65 to 90 us, C) from 105 to 130 us. The lower curve shows the
rotation frequency of the muon as seen at early time [31].
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Figure 2.5: CERN-III experiment: the apparatus.

2.3 Third CERN Experiment (1969-1976)

For the third experiment at CERN [12], an improved storage ring was built, consisting
of 40 C-shaped dipole magnets, fit together exactly to provide a uniform field of 1.47 T
(see Figure 2.5). The vertical focusing was provided by electric quadrupoles, which
were mounted inside the vacuum chamber of the magnet and covered 72% of its

circumference.

In the presence of the combined magnetic field B and electric field £ (both per-

-

pendicular to §), the angular frequency, w,, of the spin relative to the momentum, is
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given by:

)8 x E, (2.13)

Wa = e — W, =__aB_.a —
a s c mc[# (l‘ 72_1

where § = v/e, v = 1/4/1 — 2, and assuming that E/c << B and §-B ~o.

The dependence of w, on the electric field was eliminated by storing muons with the

v = ‘/1 + 1 =29.30, (2.14)
Qy

corresponding to a muon momentum p, = 3.094 GeV/c. The increased relativistic

“magic” 7:

factor v brought the added advantage of the further dilated muon lifetime: now 64
ps vs 27 us in the second CERN experiment.

The protons from the CERN Proton Synchrotron were guided to an external cop-
per target. The beamline elements were tuned to collect the secondary products
over a wide solid angle and select the pions of the (3.11 + .02) GeV/c momentum
(slightly higher than the “magic” value), resulting in a ten-fold increase in the inten-
sity over the previously used internal target. The almost parallel beam was injected
by means of a pulsed inflector into the storage region, which was held under vacuum.
The stored muons (with the “magic” momentum) then came from almost forward
decays and had a polarization of approximately 95% (another improvement over the
CERN-II experiment in which the muon polarization was only 26%).

The reduction in the background generated by the injected beam allowed for the
use of more lead-scintillator calorimeter detectors, now 22 of them, spaced uniformly
all around the inside of the ring, improving the decay electron count rate. The
calorimeter signal was enhanced in photomultiplier tubes (PMTs), and then sampled
by fast electronics.

Between groups of data-taking runs, the vacuum chambers were removed from the

storage and the magnetic field was mapped using a system of 8 NMR probes mounted
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Figure 2.6: CERN-III experiment: (a) electron count rate at early time shows the

bunched structure ( “fast rotation”); (b) radial distribution of stored muons calculated
from the beam debunching rate [12].

on a measuring machine driven around the ring. During the data-taking, the field
was continuously monitored in 37 out of 40 magnets with small NMR probes, which
could be inserted into the storage region without breaking the vacuum. As in the
previous experiment, the muon radial distribution was obtained from the analysis of

rotation frequency (see Figure 2.6).

The statistical error in determination of the anomalous precession frequency, w,,
is inversely proportional to the asymmetry (A) of the modulation in the decay elec-

tron time spectrum multiplied by the square root of the number of decay electrons
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[4]]

detected (V) [12]:
= _ V2 (
21T AVN

Both A and N depend on the calorimeter energy threshold: the number of detected

Aw, 2.15)

electrons decreases, as the threshold is raised, whereas the decay asymmetry increases.
Thus, in the ideal case, to minimize the statistical error, the value of the energy
threshold should be chosen to maximize the value of Av/N, which in the case of
CERN-III experiment would be 1500 MeV. In the reality, however, other factors such
as finite resolution of the detectors, electron energy losses in the vacuum chamber
walls, the change in the system gain between the test and experimental environments
had to be taken into account. The optimal threshold for the electron energy selection

was found to be around 700 MeV.

In total, approximately 62 million high-energy decay electrons and 72 million
positrons were detected. A sample of the electron decay data from CERN-III exper-

iment is shown in Figure 2.7.

The maximum likelihood fit to the data was performed with the function:
N(t) = Np - (e"/"(l — Acosfwet + @) - (1 + Age™/™) + Bg), (2.16)

where the parameters A;, 7, and Bg have same meaning as in Eqn. 2.10. Systematic
corrections to the value of w, were applied to account for the time shifting effect
(“time-slewing”) due to the high counting rates experienced by the counters and fast
electronics shortly after injection. Such time-slewing could be observed and measured

directly in the experiment using light-emitting diodes.

The anomalous precession frequency (w,) and the Larmor precession frequency
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Figure 2.7: CERN-III experiment: the time spectrum of decay electrons [1
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for muons in the magnetic field (B) can be written as

We =0a m_,‘c(B)
Wy = Awp =

) =

(1 +a,)——(B).

2.

where w, is the free proton NMR precession frequency in the same magnetic field

seen by the muons, and the ratio of muon to proton magnetic moments A = p,,/p,.

Therefore, the anomalous magnetic moment could be determined as:

a,‘=

3
Wa/Wp

A —wefwp



(3]
-~

The result of the CERN-III measurement was

a,+ =1165911(11) x 107 (10 ppm) (2.20)

a,- = 1165 937(12) x 107 (10 ppm) (2.21)

which, assuming CPT-invariance, combined to the average for y* and p~:

a, (CERN —III) = 1 165 924(8.5) x 10~° (7 ppm), (2.

o
(%]
[L%]
S

in agreement with the theoretical prediction at the time:
th Q) — -9 _ (=~ ¢
a,? —a, Y (1978) = (6.7 £ 8.4) x 10~ = (5.7 £ 7.2) ppm. (2.23)

This agreement confirmed the presence of the hadronic contribution to the muon

anomaly.



Chapter 3

Experiment E821 at BNL

Experiment E821 at Brookhaven Alternating Gradient Synchrotron (AGS) is designed
to measure a, to 0.35 ppm. The general method is similar to that of the third CERN
experiment, as described in Section 2.3, with a number of improvements. These
include: (1) the use of the AGS proton beam with the intensity a factor of 200 greater
than the CERN proton beam; (2) a superferric magnet storage ring of high stability
and homogeneity, and an improved NMR-based magnetic field mapping system; (3)
the use of u injection into the storage ring; (4) an improved electron spectrometer
system with higher energy resolution; (5) the use of fast modern electronics; (6) the

use of the significantly increased power of modern computers for data acquisition and

analysis.

3.1 Alternating Gradient Synchrotron

The Alternating Gradient Synchrotron [33] began operating in 1960. The 200 MeV
linear accelerator produces protons, which are injected into the AGS booster and
accelerated to 1.6 GeV. The protons are then transferred to the AGS ring where

they are accelerated to higher energies. For the muon (g — 2) experiment, the AGS
28
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Figure 3.1: Scheme of the (g — 2) beamlines.

is capable of producing a fast-extracted proton beam of about 7 x 10'? protons per
bunch at 24 GeV/c. Depending on the mode of operation, 6 to 12 proton bunches
can be extracted per AGS cycle of about 2.6 seconds. During the experimental run in
1999, all of the data subsequently used in the analysis were taken during the 6-bunch

extraction mode, with the beam intensity of 20-40 Tera-protons (Tp) per AGS cycle.

3.2 Beamlines

The schematic drawing of the (g — 2) beamlines is given in Figure 3.1.
Each AGS bunch was extracted by a pulsed kicker magnet into the U-V beamline
at intervals of 33 ms. After the initial extraction the beam was carried to the dipole

magnets VD3, VD4 where the protons were deflected approximately 3° to the V-line



30

target section. The beam was then focused on the V-target by quadrupole magnets
VQ9-VQ12 [34].

The nickel target was designed to withstand high beam intensities of up to 60
Tp. The target was steadily rotated about its axis (parallel to the beam direction),
to distribute heating from the beam bunches in a cycle, and cooled with water, to
reduce the average heating [35].

Beyond the target, the protons were absorbed in the beam stop. The pions born
in the collision of the beam with the target were collected by quadrupoles Q1 and
Q2 and sent through dipoles D1 and D2 and collimator K1-K2, to ensure selection
of pions with a central momentum of 3.11 GeV/c¢ (~0.5% higher than the “magic”
momentum), with momentum width of 0.5% [36]. Following the initial momentum
selection, the pions were steered down the 116 m secondary beamline to the storage
ring, through focusing and defocusing quadrupoles, pitching magnets, dipoles etc.
The final momentum selection was done by the collimator slits K3-K4, onto which
the beam was imaged by dipoles D5 and D6, and the quadrupoles Q21-Q25.

Given the pion decay length of 174 m (for p = 3.11 GeV/c), approximately 40%
of the pions decay in the 89-meter section of the beamline between the slits K1-K2
and K3-K4. Thus, the long secondary beamline allows for the injection of either the
pions or muons from the # — py, decay, selected by their momenta at slits K3-K4.
With pion injection, 3.11 GeV/c pions are brought to the ring. For muon injection,
the decay muons are selected of the “magic” momentum: 3.094 GeV/c.

Ten segmented wire ion chambers (SWICs) were used to monitor the position of
the beam inside the transport beamline. The beam could be “tuned” by manipulating
the dipole and quadrupole voltage settings, to minimize the pion and muon losses

inside the beamline.

A Cerenkov counter (“T® counter”) was placed at the end of the beamline to
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measure the time of the bunch injection into the storage ring.

Under unstable conditions, the AGS may extract the beam into the U-V beamline
out of time, i.e. after the initial extraction and during the data taking period. This
produced background in the decay positron detectors (so-called “flashlets”). A pulsed
sweeper magnet was installed in the beamline before the 2000 experimental run. The
sweeper shuts down the beamline for a period of about 1 ms following the initial beam

extraction, preventing the particles extracted out of time from being injected into the

storage ring.

3.3 Superconducting Inflector

The particles were injected into the storage ring through a 1.7-meter-long super-

conducting inflector [37], with an aperture of 18(w) x 57(h) mm?, which created a
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magnetic dipole field, canceling the field from the storage ring. The cross section of
the inflector is shown in Figure 3.2. A passive superconducting sheet was used to
cancel the inflector fringe field. The imperfect cancellation of this fringe field was a
source of one of the biggest systematic uncertainties in the magnetic field measure-
ment in the first three E821 runs. For the 2000 run, a new inflector with an improved
shielding was installed.

It was important that the beam enter the storage region as close as possible, and
almost tangential to the equilibrium orbit of the ring. The injection point of the
(g — 2) storage ring was about 77 mm outside the equilibrium orbit, and further
manipulation of the beam with a magnetic kicker was required to ensure storage with

p-injection.

3.4 Muon Storage Ring

The muon storage ring [38] provided a highly homogeneous dipole magnetic field
of 1.45 Tesla over the storage region, which constrained the 3.094 GeV/c muons to
move in a circle with a central orbit radius of 7.112 m. The main (g — 2) superferric
magnet is C-shaped and has a diameter of 14.2 m. The magnet is excited by three
superconducting coils. The cross-section of the magnet is shown in Fig. 3.3.

In order to achieve a highly uniform magnetic field, extensive shimming work was
performed, including adjustments to the yoke plates and end shims of the poles, and

insertion of iron wedges in the air gaps between the poles and yoke {34].

3.4.1 Magnetic Field Measurement

The value of the magnetic field was obtained from NMR measurements. A pulsed

NMR probe was developed and tested for this purpose [39]. The magnetic field was
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monitored continuously by some 380 such probes placed above and below the storage
region. At regular time intervals, typically twice a week, the field throughout the
storage region was mapped using 17 NMR. probes mounted on a trolley. The probes
in the trolley were calibrated against a standard probe [40], which was constructed
to measure the NMR frequency of protons in a spherical sample of pure water. The
trolley measured the magnetic field in the muon storage region up to a radius of
3.5 cm. The field beyond this radius was obtained by extrapolating the measured

moments.

3.4.2 Vacuum Chamber

The storage region itself was 9 cm in diameter (see Figure 3.4), and was maintained
at a vacuum of 10~7 — 1076 Torr. The vacuum chamber consisted of twelve sections.

The chamber sections had a scalloped shape on the inside radius to accommodate the
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twenty-four electron detectors while minimizing the showering in the chamber walls

(as shown in Figure 3.5).

The support frame inside each chamber section provided rails for the NMR trolley.
Some thirty fixed NMR probes per section were embedded in the top and bottom walls

of the vacuum chamber.

3.4.3 Electrostatic Quadrupoles
The storage ring is a weak focusing spectrometer with an average field index

O,
n= -ﬂiB = (3.1)

where p = 7.112 m is the radius of the central orbit, 3 =v,/c~1,and B=145T is
the magnetic field at the central orbit. Given a uniform quadrupole field throughout

the storage ring, the betatron frequencies are proportional to the cyclotron frequency,



fe, and depend on the field index, n [41]:

fr=fV1l=-n (radial), (3.2)
fe=f/n (vertical). (3.3)

Four pulsed electrostatic quadrupoles, which covered about 39° in each quadrant
of the storage ring were mounted on the support frame of the vacuum chamber (Fig-
ure 3.4). The quadrupoles provided weak focusing (in 1999: n = 0.135) to prevent
the muons from exiting the ring vertically. The quadrupole plates were pulsed for
about 800 us following each beam injection.

The quadrupoles were also used to “scrape” the muon beam. During “scraping”,
the quadrupole plates were powered asymmetrically, which moved the stored beam
slightly off center so that the muons on the edges of the momentum distribution
would hit the copper collimators and be removed. This was done for about 15 us
following the beam injection to make the muon distribution narrower, which reduced

the probability of muon losses during the data taking period [33].

3.5 Muon Kicker

Following the pion beam injection, many particles collide with the walls of the vacuum
chamber, inflector etc., creating a high background, or “flash”, in the detectors. The
advantage of the muon injection into the storage ring is that it reduces the initial
flash about 50-fold, while producing at least a factor of 5 more stored muons per spill
than can be achieved with pion injection. Direct muon injection was accomplished by
giving the muon beam a 10-milliradian kick at a quarter of the betatron wavelength

from the inflector. This was achieved with a peak current of 4100 A and a half-period
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Figure 3.5: A schematic view of the (g — 2) storage ring.

of 400 ns. Three pulse-forming networks powered three identical 1.7 m long one-loop
kicker sections consisting of 95 mm high parallel plates on either side of the beam.
The current pulse was formed by an under-damped LCR circuit. The kicker plate
geometry and composition were chosen to minimize eddy currents. Since the muons
circulate in about 149.2 ns, they were kicked several times before the kicker pulse died
out {42]. The muon kicker became operable in time for the second E821 experimental

run in 1998.



Figure 3.6: Scintillating fiber monitor.

3.6 Scintillating Fiber Monitors

The profile of the stored muon distribution was monitored by the scintillating fiber
detectors, which could be pneumatically inserted into the storage region. Two de-
tectors, both consisting of sets of vertical and horizontal fibers, were located at 180°
and 270° with respect to the beam injection point (as shown in Figure 3.5). Each
set consisted of 7 scintillating fibers, 0.5 mm in diameter, separated by 10 mm. For
calibration purposes, the fiber harps could be rotated by 90° to expose all fibers to
the same portion of the beam (Figure 3.6). The fiber detector measurement was
destructive, i.e. some of the muons striking the fibers would multiple-scatter and be
lost [35]. Therefore, the fiber monitors were inserted into the storage only during the

runs dedicated to the studies of the beam dynamics.

3.7 Electron Detectors

The detector system for (g—2) experiment consisted of 24 detector stations distributed

around the inside of the storage ring at 15° intervals (see Figure 3.5). The task of
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the stations was to provide a high-quality determination of the time of arrival and
the energy of decay positrons. Each station contained an electron calorimeter. In
addition to this, some stations were equipped with either position sensitive detector

or front scintillator detector, or both.

3.7.1 Electromagnetic Calorimeters

The calorimeters, made of 1 mm scintillator fibers embedded in lead, measured the
energy and arrival time of the positrons. Each Pb/SciFi module was 22.5(width) x
14(height) x 15(depth) cm3, had a radiation length of about 1 cm, and consisted of
four separate parts (quadrants). The energy resolution of the calorimeters was better
than o/E = 8.5% for 2 GeV/c electrons [43].

The output light from each of the calorimeter quadrants was conducted to photo-
multiplier tubes (PMTs) via light-guides. A special PMT base [44] was designed to
turn off the photomultipliers during the flash accompanying the beam injection. The
bases could be turned back on stably in about 1 us. The gate-on times for different
detectors were chosen according to the amount of flash they experienced. During the
1999 experimental run, detectors 2 through 7, situated downstream from the injection
point, were gated on at least after 24 us following the injection, whereas detectors
16-24 could be gated on after about 4 us. The rest of the detectors (1, 8-15) were
gated on after 14 us.

It was necessary to maintain the balance of the output signals from different
calorimeter quadrants. The absolute energy calibration of the calorimeters was per-
formed at the BNL test beam, and the relative calibration was preserved with the use
of two svstems, based on light-emitting diodes (LED) and a Nitrogen laser-illuminated

fiber optic system respectively. These calibration systems were also used to monitor
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short-term time and gain stability of the response of the calorimeters. The PMT
gain shifts due to slow gate-on effect during the 1999 run were less than 1%, and the

early-to-late timing shifts over the first 200 us were less than 20 ps.

3.7.2 Front Scintillator Detector (FSD)

The front scintillator detector system consisted of 5 radially oriented scintillator slabs.
9 mm thick, measuring 22 x 2.8 cm?, placed on the positron entrance face of the
calorimeter. Light from the scintillator was guided through light-guides to a PMT.
The FSDs were used in studies of the lost muon distribution, vertical distribution of

decay positrons, and for timing purposes.

For the 1999 run, FSDs were installed on detector stations 9, 16 through 19, and
21 through 23.

3.7.3 Position Sensitive Detector (PSD)

Position sensitive detectors were used to measure the vertical and horizontal coor-
dinates of the entrance point of the electron into the calorimeter. The PSD is a
scintillator tile-fiber hodoscope consisting of one vertical and one horizontal plane,
with 20 and 32 elements respectively. The PSD tiles were placed in front of the FSD
slabs. Each element was 7 x 8 mm? cross-sectional strip of plastic scintillator, either

22.5 cm (horizontal) or 13 cm (vertical) long [45].

PSD could be used for detecting minimum ionizing particles. such as electrons,

muons and protons. In 1999, stations 17 through 21 had working PSD detectors.
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3.8 Detector Electronics and the Data Acquisition
System

Analog signals from the calorimeter PMTs provided both energy and time informa-
tion.

Wave-form digitizer (WFD) digitized and stored analog input data at a rate of 200
MHz. The WFD is a digital oscilloscope, sampling the calorimeter voltage output
throughout the data taking period. By using two WFD channels, operating 180
degrees out of phase, to sample the same trace, the sampling rate of 400 MHz (2.5 ns
between the samples) was achieved. To align two sets of samples (*“WFD phases”).
a marker pulse was input to the WFD at the beginning of each data spill. The
digitizers worked in zero-suppressed mode: the data were saved only if the input
voltage exceeded an adjustable threshold (*hardware threshold”), in which case a set
of (typically 8) WFD samples was written to memory.

For each calorimeter, the signals from 4 PMTs and their sum were also sent to
CAMAC analog-to-digital (ADC) and time-to-digital converter (TDC) modules for
calibration purposes.

The sum was also sent to a multi-hit TDC (MTDC), which provided additional
timing information. The MTDC registered the time of the leading and trailing edges
of the input logic pulses with 1.25 ns accuracy. The pulses input into the MTDC
were “derandomized”. A derandomizer module, specially designed for that purpose,
unambiguously associated an asynchronous logic pulse with synchronous clock cycles
by shifting its leading edge to the center of the proper clock pulse [34]. This minimized
the errors in assigning times to pulses which fell near the clock time boundaries, thus
ensuring that the MTDC timing information was independent of rate.

The data acquisition system was composed of 6 front-end VME crates, linked to
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an event-builder VME. The data were read out by the front-end crates after each
AGS spill, and stored in local memory buffers. CAMAC data were read out by the
event-builder after every AGS spill. After the last spill in each AGS cycle, the event-
builder collected the data from the front-end buffers and concatenated the event to
be written to a SCSI-mounted DLT tape drive.

About 55 us before each spill, a signal was sent from the AGS that the beam was
on its way, the “AGS pre-pulse”. This triggered the WFD and MTDC modules to
begin digitizing their input. After 1600 us a stop signal was sent. This signal stopped

the digitization and also triggered the front-ends to start their read-out sequence {47].

3.9 Data Production

The data were decoded and processed off-line using data production programs. In the
production, the calorimeter WFD data were scanned for the positron pulses, which
were then subjected to “reconstruction”, i.e. fit to a predefined function, the average
pulse shape, to obtain refined time and energy information. The calorimeter pulse
information was subsequently saved in a database for every AGS spill, along with the
data from other detectors, and further relevant information.

Two production algorithms were used to process the data collected during the
1999 run: (1) Fortran based G20ff, using standard CERN analysis and database
packages, PAW [51] and ADAMO [52]; (2) C++ based G2Too, using ROOT (an object-
oriented analysis package developed at CERN). Both programs used essentially the
same pulse reconstruction algorithm, but completely differed in the implementation.

A schematic of the G20£f pulse reconstruction algorithm [48, 49, 50] is given in
Figure 3.7. The reconstruction is done for a “WFD island”: a continuous group

of WFD samples. At the first step the algorithm is looking for distinct peaks, or
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Figure 3.7: G20£f pulse-finding algorithm [50].

“pre-pulses”, which exceed the programmable (“software”) threshold. By definition.
a pre-pulse starts with a jump in amplitude of at least 15 WFD counts sample-to-
sample, and ends with an amplitude drop of at least 10 counts. If the time difference
between two consecutive pre-pulses is greater than 60 ns, the island is split into two,
with pulse-finding proceeding separately for these sub-islands. At the second step,

a fast fit to the average pulse shape! is performed for all pre-pulses found on the

'The average pulse shapes are constructed at the pre-production stage separately for each
calorimeter and both WFD phases, using the WFD wave-forms [49)].
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island, while the pulse pedestal (WFD background) is assumed constant throughout
the island.

If two or more positrons arrive at a detector within a short time, they may produce
overlapping pulses in the WFD data, so-called “pile-up”. The time separation of
the pile-up pulses determines whether they can be resolved using the pulse-finding
algorithm. The ¥? of the preliminary fit is evaluated for the necessity of adding
“hidden” pile-up pulses. If x? is unacceptable, another fit is performed with an
additional pulse, to account for the difference between the expected and the real
WFED spectra. This technique is effective in resolving pile-up pulses separated by
more than about 2.9 ns (the pulse-finding algorithm resolution time) [50].

Performance of the pulse-finding algorithm with respect to reconstruction of sin-
gle, as well as pile-up pulses was studied in a simulation [50]. The minimum pulse
resolution time was found to be within (2.90 + .05) ns for all detectors (various av-
erage pulse shapes), independent of the time after injection, or pulse amplitude (for
amplitudes over 50 WFD counts, or ~ 1 GeV). Depending on the pulse amplitude,
the precision of the pulse time reconstruction was found to vary from 100 ps for low-
energy pulses to 20 ps for the pulses corresponding to positrons with E > 2 GeV.
The average value of this time shift does not change early-to-late, therefore it does
not affect the measurement of the (g — 2) frequency. (The overall early-to-late timing
shift due to PMT instabilities was estimated from studies using the laser calibration
system, and found to be smaller than 20 ps over the first 200 us after the injection.)

The parameters of the pulses determined from fit are stored in the ADAMO tables,

which are later converted into PAW-readable database files, called ntuples.



Chapter 4

First Results from the (g — 2)

Experiment at BNL

4.1 First Experimental Run, 1997

The first dedicated (g —2) run with pion injection took place from April through July
1997 [53].

The beam was delivered by the AGS in 8 bunches per cycle. The pions were
selected with momentum 0.5% higher than the “magic” value. Using the threshold
Cerenkov counter, situated at the end of the beam line, before the inflector, it was
found that approximately 60% of the beam was n*. About 25 ppm of the 7™ produced
decay muons which were captured into stable orbits in the ring. The polarization of

these stored muons was 97%. About 1,000 muons were stored per proton bunch.

The flash following injection induced background in the detectors. The intensity
of the flash varied around the ring, and it was necessary to assign the time the
calorimeters were gated on individually for each detector. The gate-on time varied

between 12 and 120 us. Data were accumulated for 8.8 muon lifetimes following
44



injection.

In the off-line analysis, it was found that, in addition to positron pulses, the data
contained narrow pulses (< 8 ns total width), which were associated with v-rays
from neutron capture producing background near the photomultiplier tubes. This

background could be distinguished from positron pulses on the basis of pulse shape

and was reduced off-line to a negligible level.

A problem with misadjustment of the WFD minimum digitizing time, discovered
off-line after the run was over, resulted in missing or under-sampling of input pulses
that were over the set voltage threshold. This would happen if the pulses were not
above the threshold for long enough time to trigger digitization. The effect of this
inefficiency was not uniform throughout the data taking period, since the changing
pedestal in the WEFDs changed the effective thresholds for digitization. resulting in an
increase of the average energy of fully digitized pulses during the spill. This caused
the observed average decay asymmetry to increase with time as well, as higher energy

decay positrons have higher asymmetry.

The decay positron data were fit by minimizing x? to an 8-parameter function:

=(t/v70)

f(t)= Nom[

1+ (At + A4y) - cos(wat + @)] + B, (4.1)

where the observed decay asymmetry, A = A;t + A,, increases with the time; B is
a constant background term, and the parameters ¢, = 5Sus (after injection) and «

describe the time-dependent change in the effective energy threshold.

In total, 11.8 million positrons were obtained with energy greater than 1.8 GeV.
Time histograms were filled for each detector, and different gate-on times. This
made for 39 independent sets of data, analyzed separately, with the results in good

agreement (x? = 46 for 39 degrees of freedom).
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Figure 4.1: A sample of the 1997 data with 8-parameter fit function overlayed. The
x*/DOF was 1.028 for 803 degrees of freedom [53].

As in the CERN-III experiment, the value of the magnetic field was measured
in terms of the free proton NMR frequency in water, w,. Including the corrections
for muon vertical betatron motion (pitch correction) and the effects of electric dipole

focusing field, the frequency ratio was found to be

R = w,a/w, = 3.707 220(47)(11) x 1073, (4.2)

where the first error is statistical, and the second is systematic. The sources of

systematic errors are listed in Table 4.1.

The value of a,+ was obtained as

a,+(BNL,1997) = TR = 1 165 925(15) x 10™° (13 ppm), (4.3)

where A = p,/p, = 3.183 345 47(47) [54], and the errors are added in quadrature.



Table 4.1: Systematic errors for the 1997 a,+ measurement [53].

Systematic effect Error [ppm|
Magnetic field B 1.0
Muon distribution and (B) 0.9
WFD time-dependent inefficiency 1.5
Muon losses 0.2
Timing shifts 0.1
Radial F field, pitch correction 0.05
Fitting start time 2.0
Binning effects 0.2
Total systematic error 29

This result agreed well with the mean of the CERN measurements for a,+ and a,-.

and the standard theory prediction.

4.2 Second Experimental Run, 1998

The second (g—2) experimental run took place in the Summer of 1998 [55]. Important
improvements were implemented since the first run. These included better stability
and homogeneity of the storage ring magnetic field, improved stability of the positron
detector system, and extended capacity of the data acquisition system. The muon
kicker, commissioned in August 1997, allowed for the direct injection of muons into
the storage ring.

For the second run, the AGS produced 6 bunches per cycle, separated by 33 ms.
The muons with “magic” momentum were selected at a momentum slit, where the
higher energy pions were directed into a beam dump. A measurement with a Cerenkov
counter found that the beam consisted of equal parts of positrons, muons and pions.
About 10,000 muons were stored in the ring per proton bunch. The number of

detected positrons per hour was increased by an order of magnitude over the pion
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Figure 4.2: 1998 run: positron time spectra from all detectors added together (E >
1.8 GeV) [55].

injection. At the same time, the injection related background (flash) was reduced
by a factor of 50, since most pions were removed from the beam before entering the
storage ring [55]. With the reduced flash, it was possible to begin counting decay
positrons as early as 5 us after injection in the region of the ring 270° around from
the injection point, and 35 us in the injection region. The data collection proceeded

for 600 us after injection.

The data collected by 21 detectors, 84 million decay positrons with £ > 1.8 GeV
in total, were used in the analysis of the anomalous precession frequency (Figure 4.2).

The data sets from each detector were fitted separately to a 5-parameter function

F(t) = Noe~®/™)[1 + A cos(w,t + 8)], (4.4)
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and the resulting values for w, were in good agreement (y2=17.2 for 20 degrees of

freedom).

The data from the detectors, which were gated on early, were used in the fast
rotation frequency (beam debunching) analysis, which allowed to obtain the equilib-
rium radius distribution of the stored muons (see Figure 4.3). The magnetic field seen
by the muon distribution was calculated by tracking a sample of muons in software

through the field map measured by NMR. and by averaging the field values.

Since the 1997 run, a substantial reduction in the overall systematic errors had
been achieved. The field homogeneity had been improved by additional shimming.

Additional thermal insulation of the magnet, and NMR feedback control to the main
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magnet power supply improved the field stability. The field, averaged over the az-
imuth, was uniform to within +4 ppm. The overall uncertainty in the (B) was 0.5
ppm. The errors associated with the determination of a, arose principally from pile-
up (conservatively estimated at 0.6 ppm) and the AGS “flashlets™ (0.5 ppm). Smaller
errors came from the fitting procedure, timing shifts, detector gain changes. betatron
oscillation, and from muon losses. Altogether, the systematic errors on w, and w,
added in quadratures amounted to less than 1 ppm. The statistical error was close

to 5 ppm.



The value of a, was found to be
a,(BNL, 1998) = 11 639 191(59) x 107'* (5 ppm), (4.5)

in good agreement with the 1997 result, the average of the CERN measurements, and

the theoretical prediction.

4.3 Third Experimental Run, 1999

The preparation for the third experimental run of the Brookhaven (g —2) experiment
began in December 1998, and the muon beam was first stored in the ring on New
Year’s eve of 1999. Most experimental aspects were the same as in the second run. As
in 1998, muon injection into the ring was used. Compared to the previous run, better
care was taken in tuning the AGS injection system, which minimized background
from the out-of-time proton extraction (“flashlets”). For the first time, scintillating
fiber monitors were used to measure the stored beam profile in a set of dedicated

runs.

For most of the 1999 run, the proton beam from AGS was delivered to the target
in six bunches, separated by 33 ms, per cycle of 2.5 seconds. The average proton beam
intensity of 40 Tera-protons per cycle resulted in approximately 5 x 10* stored muons
per cycle. This allowed a dramatic increase in the amount of the data collected: close
to 2.9 billion decay positrons with energies greater than 1 GeV, almost 20 times as
many as in two preceding runs combined.

The data were taken in separate runs, typically 30 minutes long, numbered be-
tween 3000 and 5720. The quality of data was monitored using a quick on-line analyzer

program, which created a range of diagnostic histograms in the real time. Approxi-
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mately every 8 hours of data taking, a dedicated laser run was taken, to monitor the
calorimeter energy calibration and time stability.

The required adjustments to the beam line tune, calorimeter calibration, quadru-
pole scraping voltage etc. were completed by the beginning of the third week of
running. For the data runs numbered after 3800, the running conditions were reason-
ably stable.

From January to early March 1999, there were 19 magnetic field measurements
with the NMR . trolley.

For the last two weeks of running in March 1999, the AGS switched into the 12-
bunch mode. The data taken during this time (as well as in the first half of January)
were not used in the analysis.

The analysis of the data taken during the third run, and the result of the mea-

surement will be discussed in the following chapters.



Chapter 5

Analysis of the 1999 Data

As was mentioned in the previous chapter, the BNL experiment measures the ra-
tio of the anomalous spin precession frequency, w,, and the free NMR frequency of
protons in water, w, (which is a measure of the magnetic field seen by the muons).
Consequently, there are two parts in the determination of a,.

Two independent analyses of the magnetic field data, and 4 analyses of the anoma-
lous precession frequency were undertaken. This chapter contains a description of the
analysis of w, done by the author, using the 1999 data set. An overview of the mag-

netic field analysis will be given as well.

5.1 Data Selection for the Analysis of w,

The data used in this analysis were produced with the G20ff pulse-reconstruction
algorithm, as described in Section 3.9, and stored in the form of the standard PAW
data structure, ntuples [51]. Separate ntuples were created for every data run and each
detector. In the ntuples, the data were organized by the AGS spills, corresponding
to a single-time beam injection into the (g — 2) storage ring. For each spill, the

calorimeter pulse times, amplitudes and other fit parameters; as well as data from
53
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other detectors (FSD, quadrupole monitors, t@ counter etc.) and miscellaneous spill-

relevant information were readily available.

Preliminary data run selection for the analysis of the anomalous precession fre-
quency, w,, was done with the requirement of proper calorimeter energy calibration,
and early-to-late time stability of the positron energy and decay time spectra. In
addition to this, all runs known to have high AGS background (“flashlet”) level, as
well as the runs used for laser, LED, quadrupole or fiber harp studies were eliminated.
In total, 806 data runs, numbered between 3813 and 5093, met the selection criteria.
The data from calorimeter detectors 2 and 20 were not used, due to problems with

read-out electronics and calibration respectively.

5.1.1 Cuts on Data Quality

Within the selected range of runs, every spill was evaluated in terms of the data
quality. The data taken in a spill would be discarded if an electric quadrupole WFD
trace for that spill was not read out due to hardware malfunctions, or there was
an indication of a spontaneous electric discharge (quadrupole spark) such as a trace
length shorter than 780 us, or a significant (more than 10 WFD counts) difference

in the quadrupole voltage readings taken at the beginning, in the middle, and at the

end of the trace.

A mis-injection of the AGS proton bunch into the (g —2) beamline in any of the 6
spills in the same cycle was known to inflict high background levels in the data taken
throughout the entire cycle. An indication of mis-injection would be the absence, or
a low amplitude, of the signal read out from the t©® counter which measured the time
of the muon beam arrival at the inflector (injection time). A cut was introduced to

eliminate such 6-spill cycles from the data selection.
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Figure 5.1: The number of spills eliminated due to (a) t@ pulse and (b) quadrupole
trace quality problems vs the run number.

Losses due to these cuts were: 1.6% of the total number of spills for the t@ quality
cut, and 0.4% for the quadrupole cut. A large fraction of spill losses was due to t©®
or quadrupole read-out problems in a small number of runs (see Figure 5.1). Overall,

the data from approximately 2.7 million spills were selected for the analysis.

5.1.2 Detector Energy Calibration

The amplitude of a peak in the WFD data is proportional to the amount of energy
deposited by a decay positron in a calorimeter. A typical distribution of WFD pulse

amplitude values is shown in Figure 5.2. Due to the presence of pile-up pulses,
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Figure 5.2: The positron pulse energy distribution for detector 23 in run 4669, for the
time after 100 us following the injection (the hardware threshold for the pulses was
50 WFD counts). A straight line fit to the linear part of the slope brings the energy
end-point value of 175 WFD counts.

the maximal pulse amplitude in the distribution is higher than the maximal decay

positron energy of 3.1 GeV (close to the average muon energy).

For detector energy calibration, the same method was used as in the BNL 1998
analysis [56]. As was established with Monte-Carlo simulation, a good approximation
of the maximal positron energy can be obtained by fitting the nearly linear part of
the slope of the amplitude distribution to a straight line. The fit region is typically
the section of the slope corresponding to the fall in the number density between about
60% and 15% of the distribution maximum. The crossing of the fit line with the z-

axis is called the end-point of the energy distribution, and is assumed to correspond
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to the positron energy of 3.1 GeV. An example of determination of an end-point is
given in Figure 5.2.

The end-points of the energy distribution were determined individually for every
detector in each of the selected runs. The boundaries of the fit region were slightly
adjusted for each detector due to differences in the shape of the energy spectrum. The
energy spectra for end-point fitting were taken at late time (after 100 us following the
injection) in order to minimize the effects of pile-up and calorimeter PMT instabilities,
mostly confined to the early times. The end-point values for each detector were
then averaged over groups of runs, during which the calibration remained stable. as
illustrated for detector 1 in Figure 5.3.

In the analysis, only the data from decay positrons with energies greater than the
threshold energy of 2 GeV (64.5% of the end-point energy) were used. Throughout
this dissertation, the expression “cut N GeV” is synonymous with “a selection of

positrons with £ > N GeV”.

5.1.3 Correction for Energy Scale Changes

The detector energy scale changes (ESC) within a spill are caused by instabilities
in the calorimeter photomultiplier tubes. As was mentioned in Section 3.7.1, the
photomultipliers are turned off during the flash accompanying the beam injection.
Due to slow turn-on of some tubes, the PMT gain turns out to depend on the time of
the positron’s arrival at the calorimeter, relative to the gating time. Such variation
in the energy scale, if not corrected for, adversely affects the uniformity of the data
selection, and, eventually, the consistency of the analysis results. It was estimated
that linear ESC of 0.2% over a time period of 200 us, would result in a systematic

.error of 0.1 ppm in w, [57]. Therefore it was important to maintain the stability of
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the effective energy threshold for the pulse selection.

Time-dependent ESC translate into the time-dependent variation in the average
value of the energies of selected positrons. The average energy of the selection is also
affected by the rate of pile-up, since the reconstructed energies of pile-up pulses are
on average higher than those of the pure positron pulses. A method was developed by
the author, allowing one to separate these two contributions to the energy average,
using the time-dependence of the average positron energy for selections with different

energy cuts.

For each of the 22 detectors, pulse energy spectra were constructed for different
slices of time after the injection, with each slice covering one anomalous precession
period (T, = 2m/w, ~4.365 ps). Since the energy calibration changed from run to
run for some detectors, pulse amplitudes were normalized to the end-point values in
every run. The average energy of selected positrons was then calculated for each time

slice, for the energy cuts of 60, 70, 80, 90 and 100% of the maximal positron energy
(Emaz = 3.1 GeV).

The effect of ESC is independent of the pulse energy: the scale change results
merely in “stretching” or “contracting” of the distribution shape along the energy
axis. Therefore, if no energy cut is applied, i.e. all pulses are taken into account, the
relative variation in the average energy is the same as the change in the energy scale.
If the average energy is calculated for pulses above a certain threshold, such variation
will be smaller, since the number of selected pulses, i.e. the sample over which the
energy is averaged, will be affected by the ESC as well. For example, if the PMT
gain increases, not only the pulses originally above the threshold, but also the ones
originally just below the threshold will be selected. Since the “extra” pulses have

lower energies than the rest of the selection, the average energy of the distribution
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will not increase as much as it would if only the “original” pulses were selected'.

The estimate of the sensitivity of the average energy to the ESC was obtained in
a simulation, by applying artificial “gain” to the real data pulses, while holding the
threshold energy unchanged. It was found that for the 0.6-E,,; cut, the change in
the average energy of the positron selection reflected only approximately 48.7% of the
energy scale change. This number decreased for higher energy cuts: 42.2% for the
0.7-Epme cut, 34.6% for 0.8 Engz , 24.5% for 0.9-Epq; , and only 2% for Eqyy = Enes-
Thus, the effect of the ESC on the average energy decreases as the threshold energy

increases.

On the other hand, the relative fraction of pile-up pulses in the data. and therefore
the strength of the variation of the average energy due to pile-up would be greater
for higher thresholds. Thus, for the data selections with different energy thresholds.
the relative size of the ESC and pile-up contributions to the variation in the average
energy will vary as well.

This is illustrated in Figure 5.4 for detector 1: for the cuts 0.6 and 0.8-E,,., the
variation in the average energy is dominated by the characteristic bell-shaped ESC
due to slow PMT turn-on, whereas for the cut 0.9-E,,,;, the change in the average
energy is mainly affected by the exponentially decreasing contribution from pile-up

pulses.

Assume a simple model of the change in the average energy with the time:

E(t) ~ [gLT +& npo - fp(t)] . [1 +a- fgsc(t)] (5.1)

where the “late time” average, €., is determined from the data taken after 200

ps following the injection (at which time the effect of pile-up and ESC is minimal),

That is, if the energy threshold were adjusted to reflect the ESC.
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Figure 5.4: Normalized average energy of the positron pulses recorded by detector 1
shown as a function of time after the injection for different energy cuts. Averaging
was done over the anomalous precession period and the result was then normalized
to the late time (after 200 us) average.

&, is the average energy of the pile-up pulses, ny is the fraction of pile-up pulses
in the data sample at £ = 0, f,(t) describes the decrease with time in the relative
number of pile-up pulses with respect to the total number of pulses in the data, a
is the sensitivity of the average energy to the ESC (determined from simulation as

described above), and fgsc(t) is a function describing the ESC.

The parameter Ay(Eqt) = npo(Eeut) - gﬁéﬂ describes the normalized pile-up

contribution to the average energy at ¢t = 0. A, is independent of the time, but
obviously varies for different cuts. For two different energy cuts, E; and E,, the
equation 5.1 can be rewritten as:
E(t, Ey) -
Errm(Evt) = ZE2 (1 (B - 0] 1+ alB) - fasclO]. (62

Ererm (B t) = “ 22 = [+ Ay (Br) 0] -1+ alBr) - fescl®). (53
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Figure 5.5: The distribution of the values B(E}, E») (See Eqn. 5.4) for different com-
binations of the energy cuts, with fit to a gaussian function: (a) for the cuts 0.6+ Epgq,
and 0.7- Epez, (b) for the cuts 0.6+ Ep,, and 0.8 Eyyez, and (c) for the cuts 0.6+ E.r
and 0.9 - Epuz

From studies using the laser calibration system, it was found that the energy scale
changes are negligible after 50 us in most detectors. This permits one to neglect the
term (1 +a - fgsc) when describing the variation in the average energy at late times.
With the assumption that the pile-up time behaviour is cut-independent, the relative

strength of the pile-up contributions to the average energy for selections with different

cuts:

_ASE)  Enrm(Er) —1
B(E17E2) - -Ap(E2) - gnorm(E2) -1’

can be obtained from the average energy data, taken after 50 us following the injec-

(5.4)

tion, for different combinations of the energy cuts (see Figure 5.5).

If B(E}, E,) is known, A4, can be eliminated from a pair of Equations 5.2, 3.3,

describing the results for two different cuts. Neglecting the small term A4,- fo-a-fesc,
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Figure 5.6: Energy scale change vs time for detector 1: the results obtained using 3
different combinations of energy cuts are in good agreement.

one obtains a function describing the energy scale change:

Enorm(En, t) - B(Ey, E3) — Engrm(EN, t) — [B(E), E,) — 1] (
a(Ez) - B(E\, Ep) — a(Ey)

fesc(t) ~

Ut
[S1)
~—

Equation 5.5 was used to determine ESC for different detectors and different
combinations of cuts. The results obtained using different combinations of cuts for

the same detector agreed within errors (Figure 5.6).

For most detectors, the evolution of the energy scale changes with the time could
be described as an exponentially decreasing function, except in the case of detectors
1 and 4, which required an additional gaussian-like term (namely c, # 0):

==y

fgsc(t) =cy-€e '+Cg e ? (5.6)

Only 6 detectors were found to experience changes in the energy scale of the order of
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Figure 5.7: Relative energy scale change shown as a function of time after the injection
for detectors (a) 1, (b) 4, (c) 5, (d) 8, (e) 12 and (f) 24. The data for each detector
is overlayed with fit to the function given by Eqn. 5.6.
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0.1% or higher at 30 ps, as shown in Figure 5.7. In the selection of data from these

detectors, a time-variable threshold was used of the form:

E(t) = (1 + fesc(t)) - Eu, (5.7)

where Ej, is the nominal energy threshold, and fgsc(t) is given by Eqn. 5.6.

After fgsc is determined, the pile-up contribution to the average energy can be

obtained from Equation 5.2 as:

Enorm(E)

PED = T72E) - fosel®

=1+ A(E) - f,(2). (5.8)

This can be used to study the time-dependence of the pile-up intensity.

5.1.4 Data Histograms

The histograms of the decay time data were created using PAW. Each histogram had
5000 bins, with a bin width of 149.185 ns, close to the cyclotron period, to minimize
the effects of bea.rxl bunching. For the same purpose, the injection time for each
spill was randomized within the cyclotron period? (using the pseudo-random number
generator RANMAR [58]).

To compensate for differences in the cable lengths and other constant timing offsets
between different detectors. detector phases were aligned within +2 ns (at 50 us after
the injection) after these phases were determined from a preliminary fit. In other
words, each detector was assigned a different time offset with respect to the injection

time. These offsets were calculated with respect to detector 16, and varied between

-3.4 ns (det. 21) and 17.7 ns (det. 5).

*Simulations showed that this procedure minimized the systematic error due to the beam bunch-
ing.
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Figure 5.8: Time distribution of decay positrons (number of decays per cyclotron
period) for the energy cut 2 GeV. The muon lifetime in the laboratory is close to 64.4
s due to time dilation. The events from the time range 32-600 ps after the injection
were used in the analysis.

A total of 949 million events (E > 2 GeV), recorded by 22 detectors between 32
and 600 us after the injection, were used in the analysis. The time spectrum of decay

positrons for the energy cut 2 GeV is shown in Fig. 5.8.

5.2 Modifications in the Fitting Function

The function describing the number of decay positrons vs time is:
n(E,t) = No(E) -e7/™ . [1 + A(E) - cos(wat + ¢(E))], (5.9)

where the normalization constant (Ng), decay asymmetry (4), and the phase (¢)
depend on the energy threshold (E) used in the selection of positrons; and 75 is the

dilated muon lifetime. Throughout this chapter, the function described by Eqn. 5.9



will be referred to as the “5-parameter function”.

While the decay positron data collected during the 1998 run could be adequately
described by the 5-parameter function, the 15-fold increase in statistics, combined
with a higher data taking rate in 1999, required more careful consideration of pile-up,

betatron oscillation, and muon losses.

5.2.1 Pile-up

Generally, two calorimeter pulses can be resolved if their time separation is greater
than about 2.9 ns (see Section 3.9). Overlap of the pulses within the resolution time

(pile-up) causes distortion in the reconstructed time and energy spectra.

If two original positron pulses fall within the resolution time, they are recon-
structed as a single pile-up pulse. Therefore, two (original) events are always lost in
pile-up and one (reconstructed) is gained. The term “negative” pile-up will be used
for the lost events, and “positive” pile-up for the gained ones. The amplitude of the
reconstructed pile-up pulse is approximately equal to the sum of the amplitudes of
the two original pulses, therefore pile-up results in an excess number of the regis-
tered high-energy positrons, whereas the losses occur in the lower part of the energy
spectrum (see Figure 5.11).

Since both the phase and asymmetry of decay positrons depend on the energy,
the phase and asymmetry of pile-up pulses differ from those of the rest of the dis-
tribution [59]. The probability to have a pile-up event, i.e. two pulses falling within
the resolution time window, is proportional to the instantaneous decay rate (given
by Equation 5.9) squared and to the minimum resolution time of the reconstruction
algorithm. Due to this, the number of pile-up pulses dies out with the decay time

(7) approximately equal to a half of the dilated muon lifetime: v = y79/2. As was
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confirmed by simulation and other studies, the probability of the pulse pile-up is also
enhanced at early time due to beam bunching [60, 61]. In the 1999 data, pile-up

pulses accounted for about 1% of all decay positron events.

The net change in the number of registered positron counts is the difference be-
tween the number of “positive” and “negative” pile-up events. The additive pile-up

correction to the 5-parameter function can be described by a function of the form:
p(t) = Noe ™" - [n, + A, - cos(wat + ¢ + Ady)] - [L + a,,e'%“/"”)z], (5.10)

where Ny, ¢ and w, are same as in Eqn. 5.9, 7 = y7/2 is the lifetime of pile-up. n, isa
normalization constant related to the fraction of pile-up pulses in the data, and A, is
the pile-up asymmetry; a, and 7, are respectively the amplitude and the characteristic
decay time of the pile-up enhancement at early times due to the bunched structure
of the beam. We will refer to the difference between the phase of pile-up distribution

and the (g — 2) phase as the “pile-up phase”, Ag,.

A new technique was developed, allowing one to construct pile-up pulses using
well-resolved pairs of pulses from the data. This technique is illustrated in Fig-
ure 5.9: a candidate pair consisted of a “trigger” pulse, S), and a “shadow” pulse,
S,, registered within a time window of the width, A = 2.9 ns, equal to the minimal
resolution time of the reconstruction algorithm. The time window was offset from the
trigger pulse by t,fsec = 10 ns. The time and energy of a “positive” pile-up pulse,

D, were then constructed as if the pulses S; and S, overlapped within the resolution

time:

E(D) = fg- [E(S1) + E(S2)), (5.11)
_ t(S1) - E(S1) + {t(S2) — toffset] - E(52)
‘D)= E(S)) + E(5,) ’ 5.
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Figure 5.10: Time spectrum of constructed pile-up, overlayed with fit function given
by Eqn. 5.10.
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where the energy summation factor, fs = 0.96, was estimated from the studies of the
pulse reconstruction algorithm. Since the offset time was chosen much smaller than
the period of the spin precession (~ 4.36us), the error resulting from shifting the
time of the pulse Sz by t55fse in Eqn. 5.12 is negligible. The procedure is described
in detail in Ref. [62].

The time spectrum obtained in such manner can be fit to the function given by
Eqn. 5.10 to get a good estimate of the pile-up parameters (see Figure 5.10); or it
can be subtracted from the data set altogether, to give an approximation of a “pile-
up-free” sample.

Since the hardware (WFD) energy threshold was set at close to 1 GeV for all
detectors, no “trigger” pulses of E(S;) < 1 GeV were present in the data, i.e. no
information was available from pairs of pulses, if both of them were below the thresh-
old. This resulted in the undercounting of the “positive” pile-up pulses with energies
E(D) < 2 GeV (see Eqn. 5.11)3. In other words, a complete “positive” pile-up
spectrum could be constructed only for the pulse energies of higher than twice the
hardware threshold, or E > 2 GeV. Therefore, the pulses were selected for the w,
analysis with the energy threshold of 2 GeV as well.

The statistical error for the w, measurement, given by Eqn. 2.15, is minimized
for the positron selection with the 1.8 GeV energy cut®. The choice of the 2 GeV
cut resulted in a loss of about 1% in the statistical power, which was more than
compensated for by the reduction in the systematic error due to the uncertainty in
the pile-up phase. For the cut 2 GeV, the pile-up phase was determined from a fit to

constructed pile-up: A¢, = ~68 £ 31 mrad.

30bviously, the pulses with E(D) < 2 GeV could be constructed from pairs with E(S;) > 1 GeV
and E(S2) < 1 GeV, but not from pairs with both E(S;) < 1 GeV and E(S») < 1 GeV.

41f all events are weighted equally. Studies showed that further reduction in the statistical error
may be achieved if the events are weighted according to the positron asymmetries (which depend
on the positron energies) [63].
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The enhancement of pile-up due to fast rotation was studied using the average
positron energy data. After the time-dependence of the energy scale changes is de-
termined, as described in Section 5.1.3, the pile-up contribution to the change in the

average energy, can be obtained as (Eqn. 5.8):

P(t) =1+ A, - f(t). (5.13)

The function f;(t) describes the change in the fraction of pile-up pulses in the data:

f(t) = M xn,- et/ . 1+ ape‘%(‘/"?)z], (5.14)

n(t

—

where p(t) is the pile-up function (Eqn. 5.10), n(t) is the 3-parameter function
(Eqn. 5.9). Since the average energy is calculated over the anomalous precession
period, T, = 27 /w,, neglecting the terms including cos(w,t + ¢) is justified.

The average energy data from detectors 8-24, corrected for ESC, was fit to the
function given by Equation 5.13. Detectors 8-24 were chosen because they gated
on relatively early, which allowed for better fitting to the short-lived fast rotation
correction to the pile-up intensity. The parameters of the pile-up enhancement were

found to be: a; =0.71 £0.04 and 7, = 12.7 £ 0.3 us (see Figure 3.12).

5.2.2 Coherent Betatron Oscillation

Since the aperture of the inflector is smaller than that of the storage ring, the stored
muon phase space is not filled out uniformly. This, combined with a non-ideal kick.
causes betatron oscillation of the average position of the stored muon distribution as

a whole. This effect was observed in the data from scintillator fiber detectors.

As the radial acceptances of the calorimeter detectors are not flat. such coherent
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Figure 5.13: a) Coherent betatron oscillations were observed in the residuals of the 3-
parameter fit; b) Fourier analysis of the residuals of the 5-parameter fit shows a large
peak corresponding to coherent betatron oscillation frequency; two smaller peaks on
each side come from the beating of the CBO and (g — 2) frequencies.

betatron oscillation (CBQO) affects the time distribution of decay positrons detected
by the calorimeters. The most pronounced effect on the data due to CBO was the
modulation of the recorded positron time spectra, caused by the change in the average
radial position of the beam. Since in a detector’s frame of reference, the motion
of the beam bunch is a superposition of the cyclotron and the betatron motions,
the frequency of the modulation in the data is equal to the difference between the

cyclotron and radial betatron oscillation frequencies.

For the cyclotron frequency, f. ~ 6.7 MHz, and the radial betatron frequency,
given by Eqn. 3.2 (f, = 1 —n- f.), with the weak focusing field index, n ~ 0.135,

the modulation frequency was:

fe=uwsf2r=f.—fr=f(1-V1I-n)~470.5kHz. (5.15)
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As illustrated in Figure 5.13, this frequency could be easily seen in the results of a
Fourier analysis (using fast Fourier transform algorithm (64]) of the residuals of the
fit to the 5-parameter function given by Eqn. 5.9. The amplitude of this effect died
out with time as a gaussian packet [65], with a characteristic decay time about 10

times longer than that of the fast rotation.

Based on the results of the studies of the CBO packet, the following form of the

multiplicative correction to the decay rate was used:

b(t) =1 + Ap - cos(2r fgt + og) - e~ /™8 (5.16)

In Eqn. 5.16, Ag, fg, ¢p and 7p refer to the amplitude, frequency, phase and char-

acteristic decay time of CBO.

The amplitude and the phase of CBO differed for detectors around the ring (see
Figure 5.20). Detectors 7, 8 and 9, situated next to the kicker modules were more
significantly affected, since the decay positrons were more likely to lose energy to
showering in the kicker plates when the beam moved closer to the inner edge of the

storage region.

The phases of CBO observed by the detectors varied over a range of 27 radians
around the ring. As a result, the rate modulation in the data due to CBO is reduced

by a factor of 3, if the data from all detectors are added together.

No correction for the vertical betatron oscillation was included in the fitting func-
tion, but its systematic effect on the observed positron time spectrum was taken into

account.
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5.2.3 Muon Losses

The loss of muons other than by decay causes the decay rate to decrease with time.
This results in an excess of the registered decay positrons at early times. The muon
losses can be minimized using controlled scraping (see Section 3.4.3).

The time-dependence of muon losses was studied using coincident signals in two
or three adjacent front scintillator detectors situated in front of the calorimeters.
Special cuts on the pulse time separation were designed to eliminate the accidental
coincidences. The use of three-fold coincidences further minimizes the number of
accidentals [66]. This method, however, does not allow one to distinguish between
the data from lost muons and protons, since the two produce similar pulses in the
FSD. A sample time distribution of the lost particles from the FSD data is shown in
Figure 5.14.

An approximation of the time spectrum of muon losses can be extracted directly
from the decay positron data by performing a fit to data beyond 100 us after the
injection, at which point these losses are at a very low level, and then extrapolating
the fitted function back to earlier times®. The ratio of the decay spectrum to the
value of the “late-time” fit function shows a significant excess of counts at early times
(see Figure 5.15).

Two forms of multiplicative correction to the decay rate were used:

I(t) = 1+a, - e 3/l (5.17)

(t) = 1+ay -e7t/™L, (5.18)

with a,, and 7, respectively the muon loss amplitude and decay time. Since fit to

the data started at relatively late time (30 us and later, due to late turn-on times for

5This technique was used in the analysis of the CERN-III data [12].
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Figure 5.15: The ratio of the positron decay spectrum to the late-time fit (100-600
us), shows a significant excess of positron counts at early times after the injection
(before 60 us).
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some detectors), the effect of muon losses on the counting rate could be equally well (in
terms of fit x2) described by either the gaussian form (Eqn. 5.17, with 7,1, ~ 32 s and
ayr, =~ 0.011), or the exponential form (Eqn. 5.18, with 7, ~ 22 ps and a,, ~ 0.035).

The function given by Eqn. 5.18 is similar to the muon loss corrections used

in the analyses of the CERN-II and CERN-III data (given by Eqns. 2.10 and 2.16

respectively).

5.3 Fitting Procedure

To perform fits to the data, the author wrote a FORTRAN77 program using the standard
fit software package MINUIT(67]. Successive calls were made to the MINUIT routines:
MIGRAD, HESSE, IMPROVE and MINOS.

MIGRAD is a x? minimization algorithm, using the Davidon-Fletcher-Powell variable
metric technique [68]. HESSE is called by MIGRAD to recalculate the error matrices at
the minimum. IMPROVE attempts to find a new local minimum in the vicinity of the
one found by MIGRAD. And MINGS performs a better evaluation of fitting errors, taking

into account possible non-linearities around the minimum.

Fit x® was defined as: )

2= ;l [V —g::(ti)lz’ (5.19)
where JV; is the content of the ith histogram bin, o; is the estimated error, f(¢;)
is the value of the fitting function calculated at the time, ¢;, corresponding to the
center of the ith bin, and n is the number of bins used (typically, n ~ 3800). In
the first iteration, o; = /N; was used. In the subsequent iterations, the errors were
substituted with \/m , with f(t;) from the preceding iteration. This method was

found to produce an unbiased result [69]. The minimization proceeded as long as x>
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varied by more than 10~* from one iteration to the next. Convergence was usually

achieved within 3 iterations with o; = \/ f(t:).

The sum of the data from 22 detectors, as well as the data from individual detec-

tors separately, were fit to:

f(&) =[n(t) + p(e)] - () - U(2), (5.20)

where n(t) is the original 5-parameter function, p(t) is the pile-up function, b(t) is the
correction for betatron oscillations, and [(t) is the muon loss correction. which are
described respectively by Eqns. 5.9, 5.10, 5.16 and 5.17. The anomalous precession
frequency, w,, was expressed in terms of its relative deviation, R, measured in parts

per million, from the fixed reference frequency, fo = 229.1 kHz:

27{f0 — Wy
?.Tfo
we = 21 fo(1 = R-1079). (5.

R (ppm) = -10°, (

[4]]
.
no
P
—

[W]]
[SV]
[
N

Three out of 16 parameters in Eqn. 5.20 were fixed in the fit at all times. These
were the pile-up phase, A@, = -68 mrad, and the parameters of pile-up amplification
due to fast rotation: a, = 0.71 and 7,=12.7 us. The values of these parameters were
determined from fit to constructed pile-up spectrum and studies using the average
energy data, as described in Section 5.2.1. Letting A¢, vary increases the error on
the fit parameter R (namely, the precession frequency, w,) two-fold [59]. And the
parameters describing the fast rotation correction to pile-up, if let vary freely, cause
fit instabilities due to small size and short life time of this correction. The function
given by Eqn. 5.20 will be referred to as the “13-parameter function”, reflecting the

number of free parameters.
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The earliest start time for the fit to the sum of data from all detectors was after
all detectors were gated on, approximately 30 us after the injection. To investigate
the stability of the fit parameters, fits were performed for a range of different start
times, between 30 and 100 us with a step of approximately two cyclotron periods,
or 300 ns. The choice of the fit stop time of 600 us was defined by the requirement
that the data from each of the detectors have at least 10 events per histogram bin, in
order to assure gaussian distribution in events in a given bin. Fitting with later stop

times would not reduce the statistical error on w, significantly.

For the purposes of making the multi-parameter fit more stable with later start
times, some parameters were allowed to vary at earlier start times only: the muon
loss amplitude, a,;, and CBO decay time, 75, were fixed after 50 us: the muon loss

decay time, 7, after 70 us; and the CBO frequency, fg, after 80 ps.

5.4 Fit Results

Fits with the 13-parameter function (Eqn. 5.20) were performed for different energy
cuts and for each detector individually. The results for the value of w, from fit to
the summed data from all detectors, and from 22 detectors separately are shown in
Fig. 5.16. The results from 22 detectors were in good agreement, with x? of 28 for
21 degrees of freedom. The average of the detector results agreed well with the result

from the sum of all data.

Figures 5.17, 5.18 show the time stability of other fit parameters with time, for
the data selection with the energy threshold of 2 GeV. The values of the parameters

from fits to the data from different detectors are plotted in Figures 5.19, 5.20.
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Figure 5.16: a) The fitted frequency w,/27 vs start time of the fit, from fit to the sum
of the data from 22 detectors. The shaded area represents a one standard deviation
statistical error band. The broken line shows the size of expected one-o statistical
fluctuations with respect to the result at 32 us (given by Eqn. 5.24). b) Results of the
fit to the spectra from individual detectors. The fit region was 32-600 us, detectors 2
and 20 were not used in the analysis due to hardware problems.

5.4.1 Quality of Fit and Statistical Consistency

As was mentioned in Section 5.2, the 5-parameter function (Eqn. 5.9) was not suffi-
cient to describe the 1999 data: the fit returned an unacceptable x2, and the results

showed a strong dependence on the choice of the fit start time (phase pulling).

Phase pulling occurs if the background and other factors affecting the data are
not sufficiently accounted for in the fitting function. Since the relative contribution
from the background to the content of the bin corresponding to the fit start time
varies depending on the phase of the anomalous precession at that bin, the effect on
the fit results from the background depends on the fit start time. Thus, phase pulling
manifests itself as a periodic oscillation in the values of fit parameters vs fit start

time. The amplitude of the effect is determined by how well the function models the
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Figure 3.17: Fit results for the selection of positrons with £ > 2 GeV: (a) x* per de-
gree of freedom vs fit start time (acceptable one-standard-deviation bands are shown
as broken lines). Fit parameters are shown vs function of fit start time: (b) phase of
the anomalous precession, ¢; (c) decay asymmetry, 4; (d) dilated muon lifetime, m47;
(e) pile-up fraction, n,; and (f) pile-up asymmetry, A,. Shaded areas represent one
standard deviation statistical error bands. The broken line shows the size of expected
one-o statistical fluctuations with respect to the result at 32 us (given by Eqn. 5.24,
where applicable: since the parameters 7, n, and A, are correlated to the muon loss
parameter a,, which is fixed for the fit start times after 50 us, Eqn. 5.24 can only be
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Figure 5.19: Results for the data from 22 detectors fit separately from 32 to 600
ps. Fit parameters vs detector number: (a) x? per degree of freedom; (b) decay
asymmetry, A; (c) dilated muon lifetime, 7y; (d) phase of the anomalous precession,

@; (e) pile-up fraction, n,, and (f) asymmetry, A,. The corresponding results for the
sum of the data are shown for comparison as broken lines.
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Figure 5.20: Results for the data from 22 detectors fit separately from 32 to 600 pus.
Betatron oscillation parameters vs detector number: (a) frequency, fy; (b) amplitude,

Ap; (c) phase, ¢p; (d) decay time, 7. The corresponding results for the sum of the
data are shown for comparison as broken lines.
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Table 5.1: x? per degree of freedom from fit to the sum of data from 22 detectors,
for different fit start times and forms of the fitting function. In the fitting function
expression: n(t) is the 5-parameter function, p(t) is the pile-up function, b(t) is the
correction for betatron oscillations, and [(t) is the muon loss correction, which are de-
scribed respectively by Eqns. 5.9, 5.10, 5.16 and 5.17. Underlined are the statistically
acceptable values of x2/DOF (see Eqn. 5.23).

Fitting function Number of  x*/DOF for fit starting at
fit param. 32pus 60pus 90 us
n(t) 3 2.946 1.398 1.120
n(t) + p(t) 7 1.580 1.237  1.102
[n(t) + p(t)] - b(t) 11 1.114  1.038 1023
[n(t) + p(t)] - b(¢) - L(¢) 13 1.012 1.009 1.003

data [35]. Figure 5.21(a) shows phase pulling in the value of w, vs fit start time.
observed when the 5-parameter function was used to fit to data. The phase pulling
was minimized after the additional parameters had been added. Most of the new
parameters are rather weakly correlated with w,, and, as a result, the values of w,,

averaged over the period of phase pulling, did not change significantly.

On the other hand, extending the fit function resulted in a dramatic decresse in
the fit x? (see Table 5.1). When the summed data from all detectors were fit to the
13-parameter function, the x? per degree of freedom was 1.012 (for fit from 32 to 600

ps with 3794 degrees of freedom) consistent with its expected value of

X*/npor =1+ /2/npor ~1+0.023. (5.23)

As illustrated in Fig. 5.21(b), Fourier analysis of the fit residuals shows, that
the strong betatron frequency peak, as well as a low-frequency tail associated with
the (exponentially decreasing with the time) muon losses, disappeared after the new

parameters were added. No significant background (peaks in the Fourier spectrum)
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is present in the frequency range up to 1 MHz.

To check the data consistency throughout the run, the 1999 data set was divided
into 12 subsets corresponding to different time periods, and each of these subsets was
then fit to separately. The results for w, were found in good agreement with y? = 12.2

for 11 degrees of freedom, as illustrated in Fig. 5.22(a).

Besides the x2 criterion, a quantitative consistency check can be made using the
correlated differences in the values of a fit parameter P from fits with different start
times. Since for any two fit start times, {; < ¢;, if the same fit stop time, ¢,, is
used, the data set corresponding to ¢; (covering the range from ¢; to t,) would be an
exact subset of the one corresponding to ¢;, the correlated error op(t;.t;), which is

the expected standard deviation between the values P(¢;) and P(t;), is:

op(tit;) = \/Ui(tj) — o3 (t:) (5.24)

where op(t;) and op(t;) are statistical errors on the parameter P from fits started

at times ¢; and £, respectively. We then expect the distribution of the correlated

differences,
P(t;) — P(t:)

Dp(ti, t;) = op(t;, t;)

(5.25)
to be an unbiased gaussian with a width of 1 {70, as illustrated for w, in Figure 5.23.

The formula given by Eqn. 5.24 can be used as a criterion of the parameter stability
with respect to the fit start time (provided the parameter cross-correlations do not
change significantly from early to late start times, e.g. due to fixing parameters
strongly correlated to the parameter of interest). In Figure 5.16(a) the o, (ti,t;)
bounds of expected statistical variation in w, for different fit start times, ¢; between

32 and 100 us are shown with respect to the result from the fit with the start time
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Figure 5.22: Consistency checks: (a) the values of w, from fit to 12 subsets of the
data taken during different periods of the 1999; (b) the results from fit to data with
different energy cuts (with the statistical error bands shown for the cut £ > 2 GeV).
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Figure 5.23: The distribution of D, given by Eqn. 5.25, has the gaussian form with
the RMS of 1.

t; = 32 HS.

Generally, the results for w, from fits to two data sets, one of which (Z;) is an

exact subset of the other (L;), are expected to differ by:

0'12' “L‘ -
0ij = 0i - {1 + 5 —2— cos(¢; — ¢;) (5.26)

where oy(j), Ai(j), @i(;) are respectively the statistical error on w,, asymmetry and
phase for the subset ¥; (X;) [71]. It is easy to see that Eqn. 5.24 is equivalent to
Eqn. 5.26, for A; = 4, and ¢; = ¢;.

Eqn. 5.26 can be used to estimate acceptable variation in results of fit to selections
of positrons with different energy cuts: obviously a selection with a higher cut is an
exact subset of a selection with a lower cut. For the results from the cuts of 2 and
2.2 GeV, Eqn. 5.26 allows a variation of 0.54-0, where ¢ is the statistical error of the

former. For the cuts 2 and 2.4 GeV, the variation is 0.8-0. These estimates were
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confirmed by the author in a simulation. As shown in Fig. 5.22(b) the results of fits

to data sets with different energy cuts agreed within expected statistical variation.

5.4.2 Comparison of the Results of 4 Analyses

Four independent analyses of w,, were performed at Boston (BU), Brookhaven (BNL),
the University of Illinois (UI) and the University of Minnesota (UM), using different
production algorithms, data selection criteria, fitting methods and functions.

The BU and BNL analyses used G20ff production, while Ul and UM used G2Too.
Constructed pile-up was subtracted from the data sets used in the BNL, UT and
UM analyses. The BNL and Ul analyses used fitting functions similar to the 13-
parameter function, with p(t) = 0 (no pile-up). At BNL, the CBO frequency (fs)
was fixed in the fit after studies. In the U analysis, both fz and the muon loss decay
time (7,.) were fixed. The UM analysis used the Ratio method [72], in which a ratio
is constructed from four random samples of the data. Such ratio turns out largely
independext of changes on scale larger than the spin precession period (=~ 4.365 us),
e.g. the muon lifetime, and therefore can be fitted with fewer parameters.

The summary of the four analyses is given in Table 5.2. The results were found
to agree to 0.3 ppm, well within the expected statistical variation of 0.4 ppm, due to
the differences in the analyzed data sets. (These differences were caused by the use

of various procedures for detector energy calibration, treatment of pile-up and energy

scale changes etc.)

5.4.3 Corrections to w,

Since not all stored muons have momenta exactly equal to the “magic” value (see

Section 3.2), the result for w, obtained from a fit to the data should be corrected for



Table 5.2: The results of four w, analyses. R = (1 — w,/27fy) - 10°, where f; =
229.1 kHz. The errors on R are statistical. The UI result is a weighted mean of
results of fit to data from individual detectors, with different fit start times [73].

Institute Fit start Number of  x*/DOF R. ppm Ref.
time fit param.

BU 32 pus 13 1.012 £ 0.023 119.55 £ 1.24  [60]

BNL 32 s 10 1.005+0.023 119.38 £ 124 [74]

UI 25-56 us 9 1.016 £ 0.005 119.60 £ 1.23 [75

UM 34 ps 3 0986 +0025 11967+18 [72

the residual effects of the focusing electric field (see Equation 2.13).

Equation 2.13 is derived with the assumption that the muon velocity is perpen-
dicular to the magnetic field B, i.e. the muon orbits lie in a plane perpendicular to
the field vector. If the velocity has a small angle relative to this plane, the particles
will follow a spiral path with pitch angle ¥ changing periodically between positive
and negative values with vertical betatron frequency (given by Eqn. 3.3) [76]. The

fitted value of w, should be corrected for the effects of such pitching motion.

The total correction is given by:

we=wl" (1+Cg)-(1+Cp)=wlt . (1+Cg+Cp). (5.27)
_ 1By (=) i
Cg = <,B(1 - W)§-> >~ 27’1(1 - n)?-, ({)28)

2
Cp= %(ﬂzwz) ~ %@ (5.29)

where wf* is the value obtained from fit to data, Cz and Cp are respectively the
corrections for the effects of the electric field and the betatron pitching motion, 8 =
vu/c, ¥ = 1/\/1— B2, E, is the radial component of the electric field, n is the field

index (see Eqn. 3.1), z, is the displacement of the equilibrium orbit from the center



93

of the storage ring aperture, y is the instantaneous vertical position of the particle
above the median plane, and p = 7.112 m is the radius of curvature of the ring at the
center of the aperture {76, 77]. Obviously, Cg =0 for the “magic” vy = JleﬁT,,.

The values of (z2) and (y?) are obtained from simulation and from the studies of
the stored muon distribution. For the 1999 result the E-field correction was Cg =
0.52 ppm, the pitch correction was Cp = 0.29 ppm, and the systematic error on Cp
and Cg combined was 0.08 ppm [78].

Combining the results of the independent analyses [79], and including the correc-
tion for the electric field and the muon pitching motion. the anomalous precession

frequency was found to be:
wWe /27 =229 072.8 £0.3Hz (1.3 ppm), (3.30)

where the statistical error of 1.25 ppm and the systematic error of 0.3 ppm are added
in quadrature. The systematic error of the w, measurement will be discussed in the

next chapter.

5.5 Magnetic Field Analysis

The average magnetic field seen by the muons was calculated in software by tracking
a sample of muons through a measured field map taken in 1998 and by averaging the
field values these muons encounter. (Although there were small changes in the field
in 1999 compared to 1998, the muon dynamics was not affected significantly.) The
resulting average magnetic field agrees within 0.05 ppm with the field value taken at

the beam center and averaged over azimuth.

The equilibrium muon distribution was obtained from the analysis of the fast
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Figure 5.24: The magnetic field measured with the trolley center probe vs azimuth

for one of the trolley measurements. The dip at 350° is due to the inflector fringe
field [80].

rotation data. [t was found that the equilibrium center of the muon distribution was
3.7 mm outwards from the center of the storage region (with an error of lmm).
The results of two largely independent analyses of the magnetic field, each using
different sets of about 150 fixed NMR probes, agreed to within 0.03 ppm [1, 80].
The final value of the proton NMR frequency for the 1999 data was

wp/2T =61791256 £25 Hz  (0.4ppm), (3.31)

where the error of the w, measurement is systematic (it will be discussed in the next

chapter).



95

E 4§
Q - X
o, .
3
c 2F :
.9.1E§ L
T
= 0
g1
'--,. ’5,’.";
5.0k V294
>"ct vl

s VA
-35 Y
-4: \“:cf

e E: o S
4 3-2-1012 3 4
radial distance [cm)]

Figure 5.25: A 2-dimensional multipole expansion of the field averaged over azimuth
from one of the trolley measurements. One ppm contours are shown with respect to
a central average field By = 1.451 266 T. The circle indicates the muon beam storage
region [1].

's;mf—
g F Day 15 Day 40 ,
m°812-__—
snE ¥ /
810 : r F g
E : A
8095' ) : . A r : H
Y f i @ :
s08F- Wy w“‘*’““\v\.«\ ’f'J ..
ao7§— S v
806
m:_,L 1 L 1 l L l L L i L I Il x 1 i3 I L L 1 L l L L I 1 ' 1
0 10 20 30 40 ume%ga )
y

Figure 5.26: The B field averaged over 10 minutes vs time in days. The data-taking

tanl- nlara haturnan dawve 18 and A0 [ROL
wAsSAn r.uuv ot s & P o bo bk ou.' A\ LML AN L\Jvl.



Chapter 6

Systematic Uncertainties for the

1999 Analysis

A range of studies was carried out to understand the systematic uncertainty in w,
associated with the presence of background in the data, pile-up, muon losses, betatron
oscillation and other observed effects, as well as the possible effects of the fitting

method and strategy.

In this chapter, the systematic errors will be discussed for the fit parameter R

(see Eqns. 5.21, 5.22), with the relative systematic error AR (ppm) equivalent to

(Aw,)/w,-

Some errors were found to be minimized by starting the fit at the “zero-crossings”
of the data!, the points corresponding to cos(wst + ¢) = 0 in Eqn. 5.9, where the
(g — 2)-wiggle crosses the median exponential decay line, as shown in Figure 6.1.
Therefore, the final result was quoted for the fit starting at 32 us after the injection,

the first zero-crossing for which the data from all detectors were available.

!E.g. the errors due to the changes in the energy scale (discussed in Section 6.3), muon losses
(Section 6.5.1), for which the zero-crossings of the data coincide with the minima of phase pulling.

96
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Figure 6.1: Zero-crossings of the decay positron data: the data are shown as empty
circles, overlayed with fit to an exponential function; zero-crossings are shown as filled
circles.

6.1 Errors Due to Pile-up

The largest systematic uncertainty in the w, measurement came from uncertainty
in the value of the phase of pile-up (which was fixed in the fit). There is a strong
correlation between A¢, and R (or w,), and letting the former vary as a free parameter

leads to a two-fold increase in the statistical error.

6.1.1 Pile-up Phase

The sensitivity of the values of the fit parameter R to the choice of the pile-up phase
was estimated by fitting to the (g—2) data with Ag, fixed at different values between
—m/2 and 7/2 rad, for various fit start time. The results for the start time of 32 us
are shown in Figure 6.2: it was found that for small values of A¢,, the result for R
showed an almost linear dependence on the value of the pile-up phase. A change of

10 mrad in the fixed pile-up phase produced a 0.039 ppm change in R.
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Figure 6.2: Change in the fitted value of R caused by changing the difference between
the g-2 and pile-up phases (fixed parameter Ag,), for the data selection with the
energy cut of 2 GeV, fit from 32 and 600 us. The values of R are shown with
statistical errors from fit.

The value of the pile-up phase for the data selection with the energy cut of 2 GeV
was determined from a fit to a constructed pile-up spectrum: A¢, = —68 3: 31 mrad.
The precision with which A¢, could be determined was limited by the statistics. The
uncertainty of 31 mrad in A¢, translates into a 0.12 ppm systematic effect in R (for
a fit starting at 32 ps after the injection), if the value of A¢, from the studies of

constructed pile-up is used.

6.1.2 Low-energy Pile-up

The low-energy pile-up pulses (with amplitudes below 10 WFD counts) cannot be
reconstructed using the pulse-finding algorithm. Such “invisible” pulses could affect
the determination of the reconstructed pulse parameters, resulting in an increase in

the reconstructed amplitude or the pedestal value? determined from the fit to the

?In this case the reconstructed pulse amplitude would actually decrease.
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average pulse shape during the data production. A study of the effects of low-energy
pile-up, using simulated data, showed that it would result in an early-to-late time
variation of the decay phase and asymmetry [81]. The decay asymmetry was found
to be more sensitive to the presence of low-energy pulses than the phase. Subsequently
the observed variation in the values of asymmetry from the fit to the (g —2) spectrum
for different fit start times served as a sensitive measure of the systematic effect on
w, due to low-energy pile-up, which was estimated to be smaller than 0.08 ppm.
Adding in quadratures the uncertainties from the pile-up phase and from the

contribution of low-energy pile-up gives the overall uncertainty in w, of 0.14 ppm3.

6.2 AGS Background

As was described in Section 5.1.1, a cut using the signal from the t@ counter, was
applied to reduce the level of contamination of the data from the AGS periodic back-
ground, flashlets. Still the flashlets were present, mostly in the data from the detec-
tors close to the injection point, 3 through 6. The flashlet peaks were observed in the
Fourier transform spectrum of the fit residuals (Figure 6.3): a strong peak was de-
tected at the frequency 2.228 MHz, or six times the AGS frequency, figs = 371 kHz,
as the flashlets arrived at the storage ring with each of the 6 bunches in an AGS cycle.
The flashlets were not distributed evenly among the AGS bunches though, as most
of them came typically with the first bunch [82, 83|, therefore a smaller peak at the
AGS frequency was observed as well.

The flashlets were studied using the data from dedicated “flashlet spills”, for which
the quadrupoles were turned off, therefore no muons stored in the ring. In the absence

of the pulses from muon decay positrons. the flashlets could be easily identified. For

3The average for 4 independent w, analyses was 0.13 ppm.
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Figure 6.3: Flashlet peaks in the fast Fourier transform spectrum of the 13-parameter
fit residuals (data from detector 4) are seen at (a) the AGS frequency, figs =~ 371
kHz; and (b) f =6 fags =~ 2228 kHz.

the 1999 data set, the flashlet contamination, defined as the ratio of the number of
flashlets to the total number of pulses in the data, was estimated to be 126 ppm.

The flashlet time distribution may be approximated as a sum of two spectra:

i+ ¢y /2m . i+ ¢of21
Fr(t) = Ny(t) za T )+N2(c)-Zo(t-———QQQSMHZ) (6.1)

where Vi(t), No(t) are functions describing the time-dependence of the flashlet dis-
tribution, i is a positive integer, and ¢; and ¢, are phases of the flashlet arrival with
respect to the injection time. A parabolic envelope form was used to approximate

the time distribution of flashlets, observed in the dedicated spills:

+ ¢t + cpt?
Ni(t) = Ny, - 2=, (6.2)
¢+t + Cgt2

lVg (t) ZVplz 60 R

(6.3)

where Ng; = Npy, + Npy, is the total number of flashlets in the simulated data, and
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Figure 6.4: Results of a flashlet simulation (“worst case”, flashlets arriving with the
AGS frequency of f = 371 kHz): (a) flashlet spectrum generated with the AGS

frequency (126 ppm contamination level); (b) shift in the fitted value of R due to
flashlet contamination as a function of fit start time.

the coefficients are: ¢y = 14.257, ¢; = 1.695-1073, ¢; = 5.352-10~%, and a = 560.387.
The effects of the flashlet presence on the fit results for the value of R were

investigated by fitting to data sets, “contaminated” by simulated flashlet spectra

(which were generated using Egs. 6.1, 6.2, 6.3).

It was found that the more uneven was the flashlet distribution across the spills,
the greater was the effect of flashlet contamination on the fit results. The extreme
example of the uneven distribution would be if all flashlets arrived with the same
spill, say the first spill in an AGS cycle (equivalent to Ng, = 0, N;; = Ny, in

Equations 6.2, 6.3). The results for this “worst case” are shown in Figure 6.4.
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The uncertainty in w, due to the presence of flashlets at the level of 126 ppm was

conservatively estimated to be less than 0.12 ppb*.

6.3 Errors Due to Changes in the Energy Scale

The energy scale changes (ESC), if not corrected for, lead to phase pulling and bias
in the fit results. The use of the energy scale correction (as described in Section 5.1.3)
greatly improves the fit parameter stability with respect to the start time of fit. as

illustrated in Figure 6.5.

An estimate of the effect of the residual energy scale change, due to the limited
efficiency of the ESC correction, was done by comparing the values of fit parameters
between fits to two data sets, one of which was created using a fixed energy threshold
for the event selection, and the other using a variable threshold (“ESC-corrected”
data set). It was found that even a significant change in ESC, of as much as 0.3-
0.7%, observed in the data from detectors 1 and 4, had little effect (< 50 ppb) on the

fitted value of R at the zero-crossings.

A similar result was obtained in a simulation, in which an artificial variation of
the energy scale was introduced at the selection stage for the data coming from an

ESC-stable detector, and the resulting effect on the fit results was then observed.

For the sum of the data from all detectors, this residual effect from ESC was
smaller than for most individual detectors, due to mutual cancellation. For the 1999
data set the amplitude of ESC was estimated to be under 0.1%, which resulted in
the systematic error on w, of less than 0.1 ppm overall, and less than 10 ppb for a fit

starting at a zero-crossing (e.g. 32 ps).

1The average for 4 w, analyses was 0.1 ppm
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Figure 6.5: Results of fit to the data from detector 1 are compared: (a) fit y? per
degree of freedom vs fit start time, shown before (solid line) and after (dots) the
ESC correction was applied; (b) the fit parameter R, (c) decay asymmetry, (d) di-
lated muon lifetime vs fit start time, before (filled circles) and after (diamonds) the
correction, shaded area shows fit errors for the ESC-corrected result.

6.4 Randomization and Binning Errors

Beam bunching at early times after the injection (fast rotation) was known to bias
the fit results. The effect of fast rotation was minimized by choosing the bin width
equal to the cyclotron period of 149.185 ns, and uniformly randomizing the injection

time for each data spill over one bin width. Ten statistically equivalent randomized
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data sets were created using different random seeds, and fit to separately. The fit

results were then averaged for these 10 data sets.

The estimate of the error due to randomization of the start time of spills, was
made from the spread of the fitted values of w, for selections with different random

seeds, and found to be less than 40 ppb.

The choice of the bin width by itself could influence the fit result by introducing
a time shift, since the histcgram bin content represents the integrated value of the
distribution over the bin width, and not the value of the distribution at the center of

the bin, used in the calculation of the fit x? [35].

The error due to the choice of the bin width was investigated by fitting histograms
with different binning, but containing the same selection of the experimental data.
For this study, 10 histograms with bin widths between 148.8 and 149.7 ns (with a 0.1
ns step) were fit to the 13-parameter function given by Eqn. 5.20. Only one seed was
used in randomizing the injection time. The systematic effect on R was found to be

less than 0.08 ppm, for the fit start time of 32 ps.

As pointed out in Ref. [84], incautious binning may produce artificial, not physi-
cally existing, oscillations in the positron time spectrum. Such oscillations may cause
a bias in the fitted value of w,. To minimize this effect, it was recommended to use
the bin width of At =T,- (-2’—1’—1), where T, is the cyclotron period, and [ is an integer.
For l =2 (At = 1.25-T,), the difference in the values of R with respect to the “tradi-
tional” binning (At = T, = 149.185 ns, used for all other histograms in this analysis)
was found to be less than 0.1 ppm for all start times, consistent with the result of the

above-mentioned study for 10 different bin widths close to T..
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Figure 6.6: Phase pulling on the fit parameter R observed in the results of fit to data
when (a) the correction for muon losses, or (b) the CBO correction are not included
i the fitting function at all. Phase pulling due to muon losses is minimized for fits
starting at the zero-crossings of the data, shown as filled circles.

6.5 Errors Due to Fitting Method and Strategy

The possible errors due to the uncertainties in the knowledge of the precise functional

form of the decay spectrum, and due to peculiarities of the fit strategy, were also taken

into account.

6.5.1 Fit Function Inefficiencies

As shown in Figure 6.6, not accounting for the CBO and muon loss terms in the fitting

function results in a strong phase pulling on R. Only after these terms were included,
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did the fit x* become reasonable (see Table 5.1), and the values of fit parameters

become statistically independent of the fit start time.

Muon Losses

As was stated in Section 5.2.3, different forms of the fit function, exponential and
gaussian, could be used to describe the muon losses. Both forms help reduce the
x2, but do not remove the phase pulling on R completely (with the amplitude of the
residual phase pulling under 50 ppb). The difference between the two results was
used as a measure of the efficiency of fitting to the muon losses. The effect of the use
of a non-ideal function to describe the muon losses was conservatively estimated at
0.1 ppm overall, and less than 0.01 ppm for fits starting at zero-crossings.

Even if the functional form described the data well, with an acceptable y2. an
additional systematic error could arise since the lost muons might have different
average spin direction compared to the stored muons. This error was estimated to be

less than 0.1 ppm [85].

CBO

A similar comparison between the results obtained by using different forms of the CBO
function gave an estimate of the error due to the inefficiency of fit to the CBO packet
of the order of 40 ppb for the sum of the data from all detectors. The alternative
functional forms of the CBO packet included using an exponential (fy(t) = e~¥/72,
rather than a gaussian fy(t) = e~/"8" as in Equation 5.16) function to describe the
amplitude decay, and packets with the maximum at a time other than the injection
time (i.e. fo(t) = e~ (t~0)/78l* with ¢, # 0).

The systematic effect from higher harmonics of betatron oscillations both in the

vertical and in the horizontal directions was estimated in a simulation, and was found
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to be less than 0.03 ppm [74].

For the 1999 result, the total systematic effect of CBO was estimated at 0.05 ppm

(average for 4 independent w, analyses)®.

6.5.2 Fixing Fit Parameters

The value of the pile-up phase, parameters of the pile-up enhancement due to fast
rotation, and some other parameters were fixed in the fit for various start times. The

effects of fixing A¢g, were discussed in Subsection 6.1.1.

To investigate the effect of fixing the values of the CBO decay time and frequency
(r8 and fg) and the parameters describing the muon losses (a,, and 7, ), a compari-
son was done between the fitted values of R obtained using two different fit strategies:
one with the above mentioned 4 parameters fixed for all fit start times. and the other
with these parameters free. The sensitivity of R to these parameters was found to be
of the order of 40 ppb on the average® (see Figure 6.7(a)).

Changing the values of the parameters describing pile-up inflation due to fast-
rotation resulted in a weak phase pulling with an amplitude of about 10 ppb (at 30
ps) for the values of a, and 7, increased or decreased by two standard deviations
with respect to the central values estimated from the average energy studies (see
Section 5.2.1). The value of R was almost unaffected for fits started at the zero-

crossings of g-2 precession (see Figure 6.7(b)).

S After the analysis was complete, an indication arose from preliminary studies of the data taken
during the 2000 run, that the systematic effect from the presence of the modulation in the data with
the “side-band” frequencies, (wg £ w,), should be taken into account as well. Additional systematic
studies were conducted with a fit function including the side-band terms, which showed that the
error due to CBO was probably underestimated by as much as a factor of 2. Since the uncertainty
due to CBO is only one of a number of sources of systematic error in w,, the increase in the overall
error would be insignificant.

“I'his error is only applicable to the results from fit with start time after 50 us. when some of
the fit parameters are fixed.
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Figure 6.7: Phase pulling on R: (a) due to fixing the parameters 7, f5. a,., and 7,
(top: AR vs fit start time, bottom: distribution of AR); and (b) due to fixing the
parameters of the fast rotation correction to pile-up. Crosses denote the zero-crossings
of the data.

6.6 Other Errors

The timing shifts were studied using the laser calibration system, and were found to
be less than 20 ps over the first 200 ps after the injection’, which translated into 0.1

ppm uncertainty in the w, measurement.

Other sources considered included spin resonances, clock synchronization, stop

time of the fit: each estimated as smaller than 0.01 ppm.

The leading sources of the systematic error on w, for the combined result of the

4 analyses (see Eqn. 5.30) are listed in Table 6.1.

"Recent results from laser calibration studies suggest that such shifts are of the order of 3 ps over
200 s (86].
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Table 6.1: Systematic errors for the w, analysis [1].

Source of errors Size (ppm)
Pile-Up 0.13
AGS background ( “flashlets”) 0.10
Lost muons 0.10
Timing shifts 0.10
E field and vertical betatron oscillation 0.08
Binning and fitting procedure 0.07
Coherent betatron oscillation 0.05
Beam debunching / randomization 0.04
Energy scale changes 0.02
Total systematic error on w, 0.3

6.7 Systematics of the w, Measurement

The total systematic error associated with the measurement of the magnetic field for

the 1999 run was 0.4 ppm. The sources of this systematic error are listed in Table 6.2.
The uncertainty in the calibration of the NMR trolley probes (0.20 ppm) comes

from the position uncertainties of the trolley probes with respect to the standard

probe at the calibration point, and from the B-field inhomogeneity [80].

As illustrated in Figure 5.24, the magnetic field varies by about 500 ppm over the
inflector region due to non-ideal fringe field shielding, and the NMR probes fail to
work in the high magnetic field gradient associated with this variation: this results

in a 0.2 ppm uncertainty in the measurement of {wy), since the field is averaged over

azimuth.

Tracking the field with fixed NMR. probes is affected by the probe calibration
limitations, as well as the daily temperature variations. This introduced an error of

0.15 ppm.

The azimuthally averaged magnetic field varies by about 7 ppm peak to peak



Table 6.2: Systematic errors for the w, analysis [1].

Source of errors Size (ppm)
Absolute calibration of standard probe 0.05
Calibration of trolley probe 0.20
Trolley measurement of By 0.10
Interpolation with fixed probes 0.15
Inflector fringe field 0.20
Uncertainty from muon distribution 0.12
Other 0.15
Total systematic error on w, 0.4

110

across the storage region aperture (see Figure 5.25). Given this, the uncertainty in

the calculated muon distribution results in a systematic error for the ( B) measurement

of 0.12 ppm.

Other errors were caused by the uncertainties in the trolley position inside the

ring during the measurement, power supply instabilities, kicker eddy currents etc.

The errors of the w, and w, measurements for the 1999 run, added in quadratures

produced the total systematic error on a, of 0.5 ppm. The statistical error was

1.25 ppm.



Chapter 7

Conclusions

Combining the results for w, and w,, given respectively by Eqns. 5.30 and 5.31. brings
the new experimental value:

Wa/uwp

a,(BNL, 1999) = ~—= -
"

= 11 659 202(16) x 10~ (1.35 ppm), (7.1)

where A = p,/p, = 3.183 345 39(10) [54] is the ratio of muon to proton magnetic
moments.

As illustrated in Figure 7.1, the new result is in good agreement with previous
measurements (with x?/DOF = 2.8/4). The difference between the new experimen-
tal average, a2 = 11 659 203(15) x10'°, and the theoretical prediction, given in
Table 1.1, is

=P — a5 = 43(16) x 107", (

~
3]
~—

where the uncertainties are added in quadrature. The 2.6-¢ discrepancy in Eqn. 7.2,
which may suggest the presence of physics beyond the Standard Model. has stimulated

great interest in the particle theory community!.

tA list of preprints may be obtained from the WWW:
http://phypprol.phy.bnl.gov/g2muon/new theory.html .
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Figure 7.1: Five measurements of the muon anomalous magnetic moment shown in
comparison with the one-standard-deviation region allowed by the standard theory
(shaded area).

A recent report by Knecht et al. [20] and a recalculation by Hayakawa and Ki-
noshita [21] indicated that the sign of the contribution to a, from hadronic light-on-
light scattering (given by Equation 1.18) might be positive rather than negative, in
which case the discrepancy between the theory and the experiment would shrink to

about 1.5-0.

The techniques and methods developed for the studies of the 1999 data set will
prove extremely valuable in the further analyses of the (g — 2) data. During our run
in 2000, approximately 4.7 billion high-energy decay positrons (E > 2 GeV, after 32

ps) were collected, almost 5 times as many as before. The analysis of these data has
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begun. In addition to increased statistical power, the systematic errors on both {B)
and w, measurements are expected to decrease. The magnetic field uniformity has
improved significantly after a new inflector was installed. AGS background and muon
losses were substantially lower than in 1999 due to improvements made in the beam
line and storage technique respectively.

In February-April 2001 we collected data with negative muons. The data from
this run will bring the statistical error on a,- to the level comparable to that reached
for a,+. Measuring the magnetic anomaly for both the positive and the negative
muon will provide a sensitive test of CPT-invariance.

At the same time we expect a reduction in the uncertainty in the theoretical
prediction for a,,, after new experimental results are included in the calculation of the
hadronic contribution.

The future results from the BNL (g — 2) experiment will be of even more interest
and importance than the one described in this dissertation, and may prove crucial in

the quest for understanding of the fundamental particle interactions.
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